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Abstract

In this paper we shall present a parametrization of all symmetric, possibly non-
square minimal factorizations of a positive semidefinite rational matrix function. It
turns out that a pole-pair of such a nonsquare factor is the same as a pole pair for a
specific square factor. The location of the zeros is then determined by a solution to a
certain algebraic Riccati inequality.

We shall also consider the case where the function we wish to factorize in a sym-
metric way has only constant signature. A connection with Bezoutians is given as

well.

1 Introduction

Consider an m x m rational matrix function, ®()\), that has positive semidefinite values on
the imaginary axis, R and is regular. Note that, in this case, it is possible that ® may have
poles or zeros on iR. Furthermore, we shall mostly assume that ®(o0) = I,,,. The McMillan
degree of ® is always even as is well known and is denoted by 2n. We say that an m x p
rational matrix function W () is a minimal spectral factor of ®(N) if

B(\) = W)W (=N (1.1)

is a minimal factorization. In other words, the McMillan degree of ® is twice that of W.
Here we denote the McMillan degree of W by 6(W).

Square spectral factors (i.e., with p = m) have been studied from many points of view in
the past (see [1, 5, 6, 7, 8,9, 10, 11, 14, 24, 26, 27, 28, 29, 33, 35, 36, 37, 39].) Our present
interest lies in giving a simple parametrization of all, possibly nonsquare, spectral factors.
Such parametrizations were obtained for the stable spectral factors in [12, 13, 30]. In the
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present paper we summarize the main results of [31] and [32] which deal with the general
case.

We shall also consider the case where ®(\) has constant signature on iR, and where
®(c0) = J. Here, J is a selfadjoint invertible matrix. In that case we may expect a
factorization of the form

d(N\) = W) JW(=N)* (1.2)

for some selfadjoint J and m x p rational matrix function W (). In contrast to the positive
semidefinite case such factorization with a square W may fail to exist, as is well-known. We
shall assume existence of one square factorization of this type and give a parametrization
of all possibly non-square factorizations of this type for which the poles of the non-square
factor are the same as the ones of the given square factor. Such J-symmetric factorizations
were studied from several points of view in earlier papers, see, e.g., [15, 17, 19, 20, 38, 40].

2 Preliminaries

If W(A) is a rational matrix function with W(oo) = D, a realization of W () is a represen-
tation of W in the form
W) =D+ C(\, — A)7'B.

As is well known, this always exists. It is called a minimal realization if the number n is as
small as possible. In that case n is called the McMillan degree of W, which we denote by
S(W).

If D is invertible, then

W) '=D1'-D'C(A\-A)"'BD,

where AX = A— BD'C.

If the realization is minimal then the eigenvalues of A are the poles of W () and eigenvalues
of A* are the zeros of W(\).

In general if W(X\) = Wi (A)Wa(X) then (W) < §(Wy) + 6(Ws). In case equality holds
we say that the factorization is minimal. Let W(A\) = D + C(\I,, — A)"'B be a minimal
realization. Assume D is invertible. Let M be A-invariant, M* A* invariant and M®M* =
C™. Let II be the projection onto M along M* and let D = D, D,. Put

Wi(\) = Dy + Clp(N = Alp) (I — ) BDy!
Wy(\) = Dy + Dy 'CTI(A — TTAI) ' B

Then W = W;W5 is a minimal factorization with square factors and all minimal factoriza-
tions with square factors are obtained this way (see [3, 4]).
A pair of matrices (C, A) is called a pole pair for the rational matrix function W (A) if
there is a matrix B such that
W) —C\ —A)'B
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is analytic over the whole complex plane, and (A, B,C') is minimal. For the theory of pole
and zero pairs, and more generally, spectral triples, see [2].

3 The positive semidefinite case

The parametrization we have in mind starts from a minimal realization
®(\) =1, + C(\ — A)'B.

It is well-known that the minimality implies the existence of an invertible skew-hermitian
matrix H such that HA = —A*H and HB = C*. The first of these relations can be rephrased
as saying that iA is selfadjoint in the indefinite inner product given by ¢H. This allows us to
use the results and techniques of the theory of indefinite inner product spaces. One element
of this theory is the following. A subspace M is called H-Lagrangian if HM = M*. It is
well-known that in the parametrization of all square spectral factors invariant Lagrangian
subspaces play a crucial role. In fact, introduce also A* = A — BC, then it is easily seen
that also HA* = —(A*)*H. Then we have the following result [36].

Theorem 3.1. There is a one-one correspondence between all square spectral factors W ()
with W(oo) = I,, and all pairs of subspaces M, M*, where M is A-invariant, M* is
A*-invariant, and both these subspaces are H-Lagrangian.

For given M and M* of this type, let I1 be the projection onto M along M*. Then the
corresponding factor W is given by W (\) = I + C(\ — A)~'1IB.

In many cases @ arises as a product

O(A) = Wi(M)WA(=A)",
where this is minimal, and we have a minimal realization for Wj(\):

Wi(A) = L, + C(AL, — A)'B.

We are then looking for all W () such that ®(\) = W(A\)W (—A)* minimally, and for which
(C,A) is a pole pair for W () . This problem was considered in [33], from which we sum-
marize the following.
From the realization for W; we build a minimal realization for ®:
1

. A —BB*\\ [ B
d)()\):er(C—B)()\IQn—(O iy )) (C>
I . ([ A-BC 0 (0T
ThenM—Im(O),A _(—CC’* —A*+C’*B*>’ H—(_IO).AHH—

X ), where X = X* satisfies

Lagrangian A*-invariant subspace is of the form M* = Im ( 7

the algebraic Riccati equation

XCC*X + X(A— BC)+ (A" — C*B*)X = 0.
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The converse also holds. If X is a selfadjoint solution to the algebraic Riccati equation, then
the corresponding W (\) is given by:

W) =1L, +C(\I, — A)~(B - XC¥).

Now consider

Wi () Wi (=X)* = W ()W (=A)*
= A

A straightforward computation gives that this can be written as
C(p—A)'TN+ A e

for some hermitian T which is called the Bezoutian. It turns out that in the present case we
have T = X. Moreover, Ker X describes the common right zero structure of W and Wj. For
the definition and properties of the Bezoutian, see, e.g., [16, 18, 25]. For the application to
symmetric factorization see, e.g., [21, 22, 23, 24].

4 Minimal realizations for nonsquare minimal symmet-

ric factors

Consider again positive semidefinite ®(\), with minimal realization
®(\) =1, + C(\l, — A)'B

and the corresponding H = —H* for which HA = —A*H and HB = C*. Now we are
looking for all possibly nonsquare minimal symmetric factorizations:

This problem was studied in [31], from which we present the main results. See also [12,
13, 30, 32| for other approaches and additional results. The first step is the following key
observation:

Proposition 4.1. If W is a minimal (possibly nonsquare) symmetric factor, then there is
an A-invariant H-Lagrangian subspace M such that (C|ym, Alm) is a pole pair for W.

If W is a minimal symmetric factor of ® then W (oo) = V' is a co-isometry, i.e., VV* = [,,,.
With respect to appropriate bases we can take V = ( I, O ) We describe all minimal
symmetric factors for which W(oo) = ( I, 0 ), thereby describing all minimal symmetric
factors up to choice of bases.

We now state the main result

Theorem 4.1. There is a one-to-one correspondence between the set of minimal symmet-
ric factors W(X) of ®(X) such that W(oo) = ( I, 0 ) and the set of triples {M, X, By}

described below.



o M is an A-invariant H-Lagrangian subspace.

To describe X and El, let Ay and Cy be given by Ay = A|p and Cy = C|pq. Further-
more, suppose that M* is the A* = (A — BC)-invariant, H-Lagrangian subspace such that
o(A%|pmx) C C_.

Let 7 be the projection onto M along M* and denote a matriz representation for B by
Bs.

e Then X solves the Riccati inequality

XCiC1X — X (A — BiCy)* — (4 — BiC)X <0

° B\l satisfies
XCiC1 X — X(Ay — B,Cy)* — (A, — BiC))X = —B, B!,
This correspondence is given by
W) = ( Ly 0)+Ci(A —A)~ ( XC:+ B B ) .
Some remarks are in order.
1. The proof uses that we have a minimal square symmetric factor
Wi(\) =T+ Cy(M — A)7'By.
We know how to obtain this from the results of the previous section.
2. Observe that we can write
W)= (Wi(A) 0)+Ci(A—A4)""( XCf Bio ).
3. Thus the co-isometry
U(A) = Wi(A)T'W(A)
is given by

UN = (1, 0)+Ci(A— (A = BiC) ™ ( XC; By ).

5 J-symmetric factorization

Consider an m x m rational matrix function ®(\) with only selfadjoint (not nonnegative)
values on iR. Given is also an invertible hermitian m x m matrix J. A square rational
matrix function W () is called a J-symmetric factor of ®(X) if

B(N) = W)W (=N)".
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Obviously necessary is that the number of positive and negative eigenvalues of the matrix
®(\) does not depend on A € iR (at least outside of poles and zeros), i.e., ®(A) has constant

signature.
Without loss of generality we can take W (oo) = J. Let ®(\) = J + C(Al, — A)"'B be a
minimal realization. Recall that there is an invertible matrix H with

H=-H, HA=-A"H, HB=C"

Also we have
A =A—-BJlC.

Necessary conditions for existence of minimal J-symmetric factorization are the following
(see [38])

1. ®(\) has constant signature
2. there exists an A-invariant H-Lagrangian M

3. there exists an A*-invariant H-Lagrangian M*

However, we no longer have that automatically M & M>* = C. So, even if these necessary
conditions are satisfied, a minimal J-symmetric factorization may fail to exist. As an example

0 1
o= (1 L)
A minimal realization is
-1
01 0 0 01 0 0
o= (1) (10)(-(05)) (1)
"o 0 1 A — A= 01 .
-1 0 00

1
There is a unique invariant H-Lagrangian subspace M = span ( 0 ) All necessary condi-

consider

In this case

tions are satisfied, yet no minimal factorization exists.

We now turn to the case where we do have automatic matching of M and M*.

®(\) is said to have a complete set of minimal J-symmetric factorizations if for any A-
invariant H-Lagrangian subspace M and any A*-invariant H-Lagrangian subspace M* we
have

Mo M* =C"
The next result was proved in [19].

Theorem 5.1. The following are equivalent:



1. there is a complete set of J-symmetric factorizations

2. for every A-invariant H-Lagrangian subspace M, and for every nonzero vector x € M
we have

(HN— Ao 2) 0, A€ p(AX),

3. for every A*-invariant H-Lagrangian subspace M™ , and for every nonzero vector x €
M* we have
(HAN—A)tz,2) 20, € p(A).

6 Minimal nonsquare .J-symmetric factorization

Let ® be as in the previous section. We assume the existence of a square minimal factor

() = Wy () TWA (=)
We are then looking for all W () such that

L o) = W) ( ‘é J(; )W(—/\)*,

for some Jy = J3,, and this is a minimal factorization,

2. W has the same pole pair as Wj.

Concerning this problem we have the following results (see [34])
Our first observation is that without loss of generality we may take J in the J-spectral
factorization

d(N) = W) JW(=N)*. (6.3)

J = (‘g Jl) : (6.4)

and at the same time we may assume that W (oo) = (I O).

to be of the form

Then the main result is the following theorem.

Theorem 6.1. Suppose that the rational matriz function ® with constant signature and with
®(00) = J has a minimal square J-spectral factor Wy given by the minimal realization

W1(>\) = 1Im + Cl(>\[ - A1>7lBl. (65)

Put Z =A, — Elol. For any X = X* form XZ*+ ZX — XC;JC1 X and let Xy and Joy be
any matrices such that

XZ*+ 72X — XCrJC1X = Xy Jn X5, (6.6)
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Then for any such X, Xo and Jos the function

W(A) = (I, 0)+ Cy(A — Ay)™" (XC{J 4B X2) (6.7)

is a J-spectral factor of ®, where J is given by (6.4).
Conversely, given J as in (6.4) all J-spectral factors of ® are given by (6.7) where X and
Xao satisfy (6.6).

For special choices of J, , 1.e., special choices of Jo, we obtain the following corollary.

Corollary 6.1. Let J be given by (6.4). Under the assumptions of Theorem 6.1 the following
hold.

(a) LetI1,(J) =11,.(J), where I1.(J) (resp.,11.(J)) denotes the number of positive eigen-
values of J (resp., j) There is a one-to-one correspondence between j—spectml factors
of ® with pole pair (Cy, A1) and with value (] O) at infinity, and pairs of matrices
(X, X5) satisfying

XZ"+7ZX - XCT{JC1 X <0
and
XZ"4+7ZX — XCTJC1 X = —XoJ0n X5,

This one-to-one correspondence is given by (6.7).

(b) LetIl_(J) =11_(J), where I1_(J) (resp.,11_(J)) denotes the number of negative eigen-
values of J (resp., j) There is a one-to-one correspondence between j—spectml factors
of ® with pole pair (Ch, A1) and with value (I O) at infinity, and pairs of matrices
(X, Xs) satisfying

XZ"+7ZX - XC{JC1X >0
and
XZ"+7ZX — XC{JC1 X = XoJnX,.
This one-to-one correspondence is given by (6.7).

(c) Let II4.(J) = 11.(J) and I1_(J) = II_(J). There is a one-to-one correspondence be-

tween j—spectml factors of ® with pole pair (C1, Ay) and with value (] O) at infinity,
and matrices X satisfying
X7+ 7ZX - XC{JC X =0

This one-to-one correspondence is given by (6.7).



Part (c) of the above corollary corresponds to the square case which, for instance, is
discussed in [19].
One can also show, like in the positive semidefinite case, that the solutions of the particular

algebraic Riccati equation arising in the parametrization of all J-nonsquare spectral factors
(see Theorem 6.1) can be interpreted as generalized Bezoutians in the sense of (see [16] and
1))

Also, in case Jos > 0, the kernel of the Bezoutian again describes the common right zero
structure of W and Wj.

References

1]

2]

[10]

[11]

B. D. O. Anderson and S. Vongpanitlerd. Network analysis and synthesis, Prentice Hall,
Englewood Cliffs, 1973.

J.A. Ball, I. Gohberg and L. Rodman. Interpolation of Rational Matriz Functions. Op-
erator Theory: Advances and Applications, OT 45, 1990, Birkhauser Verlag, Basel.

H. Bart, I. Gohberg and M.A. Kaashoek. Minimal Factorization of Matrix and Operator
Functions, Operator Theory: Advances and Applications, OT 1, 1979, Birkhauser
Verlag, Basel.

H. Bart, I. Gohberg, M.A. Kaashoek and P. van Dooren. Factorization of Transfer
Functions, SIAM J. Contr. Opt. 18, 1980, 675-696.

D.J. Clements. Rational spectral factorization using state-space methods, Systems &
Control Letters 20, 1993, 335-343

D.J. Clements and K. Glover. Spectral factorization by Hermitian pencils, Linear Alge-
bra Appl. 122-124, 1989, 797-846.

P. Faurre, M. Clerget and F. Germain. Operateurs Rationnels Positifs, 1979, Dunod:
Paris.

A. Ferrante, G. Michaletzky and M. Pavon. Parametrization of all minimal square spec-
tral factors, Systems € Control Letters 21, 1993, 249-254.

L. Finesso and G. Picci. A characterization of minimal spectral factors, IEFE Transac-
tions of Automatic Control AC-27 (1982), 122-127.

P. Fuhrmann. On symmetric rational transfer functions, Linear Algebra and its Appli-
cations 50 (1983), 167-250.

P. Fuhrmann. On the characterization and parametrization of minimal spectral factors,
Journal of Mathematical Systems, Estimation and Control 5 (1995), 383-444.

9



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[22]

23]

[24]

P.A. Fuhrmann and A. Gombani. On a Hardy space approach to the analysis of spectral
factors, Int. J. Contr. 71, 1998, 277-357.

P.A. Fuhrmann and A. Gombani. On a connection between spectral factorization and
geometric control theory, Int. J. Contr., to appear.

I. Gohberg, P. Lancaster and L. Rodman. Matrices and Indefinite Scalar Products,
Operator Theory and Analysis, Operator Theory: Advances and Applications, OT 8,
2001, Birkhauser Verlag, Basel, 1983.

I. Gohberg, P. Lancaster and L. Rodman. Factorization of selfadjoint matrix polynomials
with constant signature, Linear and Multilinear Algebra 11 (1982), 209-224.

G. Gomez and L. Lerer. Generalized Bezoutian for analytic operator functions and
inversion of structured operators, In U. Helmke, R. Mennicken and J. Sauer (Eds)
Systems and Networks: Mathematical Theory and Applications, vol. I, Mathematical
Research, vol. 79, Berlin: Akademie Verlag, 1994, 691-696.

G.J. Groenewald and M.A. Petersen. J-spectral factorization of rational matrix func-
tions with alternative realization, in preparation.

I. Karelin and L. Lerer. Generalized Bezoutian, for analytic operator functions, fac-
torization of rational matrix functions and matrix quadratic equations, In H. Bart, 1.
Gohberg and A.C.M. Ran (Eds) Operator Theory and Analysis, The M.A. Kaashoek
Anniversary Volume, Operator Theory: Advances and Applications, OT 122, 2001,
Birkh&user Verlag, Basel, 303-320.

I. Karelin, L. Lerer and A.C.M. Ran. J-symmetric factorizations and algebraic Riccati
equations, In A. Dijksma, M.A. Kaashoek and A.C.M. Ran (Eds) Recent Advances in
Operator Theory, The Israel Gohberg Anniversary Volume, Operator Theory: Advances
and Applications, OT 124, 2001, Birkhauser Verlag, Basel, 319-360.

L. Lerer and A.C.M. Ran. J-pseudo-spectral and J-inner-pseudo-outer factorization for
matrix polynomials, Integral Equations and Operator Theory 5 (1982), 386-445.

L. Lerer and L. Rodman. Bezoutians of rational matrix functions, Journal of Functional
Analysis 141 (1996), 1-36.

L. Lerer and L. Rodman. Bezoutians of rational matrix functions, matrix equations and
factorizations, Linear Algebra and its Applications 302/305 (1999), 105-135.

L. Lerer and L. Rodman. Common zero structure of rational matrix functions, Journal
of Functional Analysis 136 (1996), 1-38.

L. Lerer and L. Rodman. Symmetric factorizations and locations of zeroes of rational
matrix functions, Linear and Multilinear Algebra 40 (1996), 259-281.

10



[25]

[20]

[27]

28]

[29]

[33]

[34]

[36]

[37]

L. Lerer and M. Tismenetsky. The Bezoutian and the eigenvalue separation problem,
Integral Equations and Operator Theory 5 (1982), 386-445.

A. Lindquist, G. Michaletzky and G. Picci. Zeros of spectral factors, the geometry of
splitting subspaces and the algebraic Riccati inequality, SIAM J. Control Optim. 33
(1995), no. 2, 365-401.

A. Lindquist and G. Picci. A geometric approach to modelling and estimation of linear
stochastic systems, J. of Math. Systems, Estimation and Control 1, 1991, 241-333.

A. Lindquist and G. Picci. Forward and backward semimartingale representations for
stationary increment processes, Stochastics 15, 1985, 1-50.

C. Oara and Andras Varga. Solutions to the general inner-outer and spectral factor-
ization problems, Proceedings of the 37th IEEE Conference on Decision and Control,
Tampa Florida USA, December 1998, 2774-2779.

M. Pavon. On the parametrization of non-square spectral factors, In U. Helmke, R.
Mennicken and J. Sauer (Eds) Systems and Networks: Mathematical Theory and Ap-
plications, vol. II, Mathematical Research, vol. 79, Berlin: Akademie Verlag, 1994,
413-416.

M.A. Petersen and A.C.M. Ran. Minimal nonsquare spectral factors, to appear in Linear
Algebra and its Applications.

M.A. Petersen and A.C.M. Ran. Minimal nonsquare spectral factors via factorizations
of unitary functions, to appear in Linear Algebra and its Applications.

M.A. Petersen and A.C.M. Ran. Minimal square spectral factors via triples, SIAM
Journal of Matriz Analysis and Applications, 22 no. 4 (2001), 1222-1244.

M.A. Petersen and A.C.M. Ran. Minimal Nonsquare J-Spectral Factorization, Gen-
eralized Bezoutians and Common Zeros for Rational Matrix Functions, submitted for
publication.

V.M. Popov. Hyperstability of Control Systems, Die Grundlehren der Mathematischen
Wissenschaften in Einzeldarstellungen, Vol 204, Springer Verlag, Berlin etc., 1973.
(Translated and expanded version of the 1966 original in Romanian.)

A.C.M. Ran. Minimal factorizations of self-adjoint rational matrix functions, Integral
FEquations and Operator Theory 5, 1982, 850-869.

A.C.M. Ran. Minimal square spectral factors, Systems & Control Letters 26, 1994,
621-634.

11



[38] A.C.M. Ran and L. Rodman. On symmetric factorizations of rational matrix functions.
Linear and Multilinear Algebra 29 (1991), 243-261.

[39] A.C.M. Ran and L. Rodman. Stable invariant Lagrangian subspaces: Factorization of
symmetric rational matrix functions and applications, Linear Algebra Appl. 137 /138,
1990, 576-620.

[40] A.C.M. Ran and P. Zizler. On selfadjoint matrix polynomials with constant signature,
Linear Algebra and its Applications 259 (1997), 133-153.

12



