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Abstract

The paper considers the mixed H?/H * problem for linear systems with jumps.
There are two main results proved in the paper. The first one provides an
evaluation d the norm induced by the inputs of exponentially stable systems with
jumps. This evaluation is useful in design problems when a stahili sing cortroll er
minimising the induced mixed H?/H® norm is required. The second result gives

the solution of the state feedback mixed H?/H > problem.
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1 Introduction

It is already a known fad that jumps systems play an important role in control theory. A general
introduction in the problem of the analysis and design of such systems can be found in [5].
Applications include the mntrol problem of sampled-data systems which are intensively used in
the control of continuous-time plants using digital devices.

Among the major recent results in this areawe mention the Bounded-Real-Lemma type result
given in [6], and the H?and H “ theories developed in [2], [3] and [4]. In the present paper a
new result concerning the mixed H?/H ® problem is given. A similar problem has received
much attention in the control literature and solutions have been derived for the continuous-time
case in different papers (e.g. [1]). In this paper a specific development for linea systems with
jumps is given. Hence in Sedion 3 the expresson of the performance index corresponding to the
mixed H?/H® problem is derived. Based on this result, in Sedion 4 the state-feadbadk mixed

H?/H * problem is lved. Its solution is expressed as function of a game-theoretic Riccdi type
system with jumps.



2 Notations and definitions

Consider the following system with jumps:

x(t)= Ax(t)+ B, w,, (t)+ B,w,(t), t#ih
x(ih*): Agx(ih)+ By W,y (i )+ Bgwy, (i), i =01,..
y(t) = Cx(t)+ Dw,, (t)

Yq (i): Cq X(ih)+ Dy Wy (')

(2.1)

where xR "denotes the state vedor, w, is the @ntinuous bounded in power input, w,.is a
continuous white noise, w,,is the discrete-time bounded in power input and w,, denotes a
discrete-time white noise. The outputs y.and y,are continuous-time and discrete-time,
respedively. It is assumed that the white noise signals have unit spedral densities. In (2.1),
h>0 denotes the sampling period. By definition, the state x(t) is left continuous and right
discontinuous with finite jJumps at instants ih . It is also assumed that the white noise signals are
independent of the control variables w,,and w,,. A definition based on the state transition

matrix of exponential stability (ES) of linea systems with jumps can be found in [7]. The
following known result provides neaessary and sufficient conditions for exponential stability.

Proposition 2.1 The system (2.1) is ESif and only if ||Ad eA“” <1.

If the white noise cmponents in (2.1) are missng, namely if B, =0and B, =O0then the
obtained system which will be denoted by G, has only the inputs w,.and w,, . In the situation
when G, is ES, one can consider its associated input-output operator G1 defined as:

G1:L2[0,00)x (2 1> L2[0,00)x /2
(ch » Wiy )H (y, Ya )
where L2[0,) and ¢2denote the standard Lebesgue spaces of the square integrable R¥ valued

functions over [0,) and over {0.1,..}, respedively.

3 Performanceanalysis pf hybrid linear systems

The purpose of the developments in this sedion isto compute:
30 = sup, E[JyFe +|yalr = v we i+ e[ ) (31)

wherew = (W, w, )0 L?(0,00)x ¢2andy >[G, ||, with G; defined above. Remark that if w, and

W,, are ignored then the norm indwed by w,_and w,,is just the H?norm of the linea systems
with jumps.



The main result of this dion is given by the following theorem:

Theorem 3.1 The optimumin (3.1) is given by
3, =Tr(B.," X [h* )8y )+ i " Tr(B,.” X (t)By, it (3.2)
where X (t) denotes the stabilising solution of the Riccati type equations:

- X(t)= ATX )+ X{t)A+ (X (t)B, +C"D) (2 -D'D)B." X )+ D'C)+CTC
(3.3)
ati#ih,and

-1

X (ih)= AT X (i )A, + (AT X([N)By +C, D, Jy?1 -D, "D, - B, X (ih*)B,,)

(3.4)
X(AHTX(ih)Bld +CdT Dd)"'CdTCd, i=01 ...

namely, X (t) satisfies the following two conditions:

a) y’1-D, D, -B, P(ih* )8, >0, i0{o1..}, and
b) Thelinear system with jumps:

x(t)=|a+B, (21 -0 D) PTC+ B, X ()K()
xih*)=A, +B, (1 -D, "D, -B, X [h*By )"
x(B" X (h*)A, +D, Dy Kih*)
ISES

Proof. Let differentiate using the It6’s formula the function x" ()X (t)x(t), where X (t)denotes
the stabilising solution of the system of Riccéai equations with jumps (3.3) and (3.4):

d (X7 Xx) = [X" X+ (Ax + Bow, )7 Xx+ X7 X (Ax+ Bw,, )+ Tr By, XB,, Jot

(3.5)
+ (BOCT Xx+ X" XB,,

where the dependence with respect to t has been omitted in order to smplify the writing.
Integrating the above equation and taking into acount (3.3) one obtains:

(i+1)h (i+1)h
[Al )= [1-x T(/2XBLBLT X +C,TCy e+ Tr (B, XB, et
in* ih* (3.6)
+ (BOC Xx+ X' XB,,
On the other hand, since w,, is allowed to be independent of w,,, using (3.4) it follows that:



(i+)h

.‘[d (x" xx) = x" (G + )X (G +D)x(( +2)h) - x" [h* )x b x(ih*)

=x" ([ +)R)X (i + D)x(( +1)n)- x" ()X (ih)x(ih) + x" (ih)c," C,x(ih) (3.7)
—yPwy, (i)Wld (')_ ( )Bode(') 2wy (I)Blde( )Bodwod (')

_WodT(i)Bode(h )BOdWod() o

where P(i)= Ois defined as:

P():=[x" (h)A," X [h*)B (yzl -D,"D, - B, X(ih* )B4 )'l —w,']
X(yzl -D,’D, - BldTX(ih+)Bld)
x[(y?1 - D, D, ~ By, X (B, ) "B, X (" Ja,x(ih) - w, ]

Further, the right side terms of (3.6) and (3.7) have been equalised and then the mean has been
applied to the obtained equality based on the fad that

(+2)
E IZBOCTXX+XT XBOC oc = O
ih*
Then, changing the limits of integration to 0 and T =kh+r with r0(0,h) and making
k — oo 0Oneobtains (3.2).

4 State feedback mixed H?/H ~problem

Consider the linear system with jumps:

( (+)) Ad(x)( ;:' I(;:OE\;Vod ( )+ BogUy (i ( ) i=01.
Yic(t) = Cx(t)+ Du,, (t
Yid (') u, ( ) (41)
Yz (t) = x(t)
Yaal ( ) (' h)

where u, IS an exogenous input, u,.,u,,are ontrol variables, vy, is the regulated output and

Y.er Yoq @€ measured outputs. For the simplicity of the cmputations the following orthogonality
asumption is made:

X(t) = AX(t)+ B, (t)+ Bu, (t)+ B,.u, (t) t#ih

D'[c D]=[0 1] (4.2)

Noticethat although (4.1) is not the most general form of a system with jumps, it coversthe
sampled-data systems pedal form ([3]).



The problem consists in finding the gains F(t),t #ihand F,(i),i =0.1...such that the resulting

sysem obtained by taking u, (t)=F({)x({t)t#ihand u,,(i)=F,()x({h)i=021.has the

following properties:

) ItiSES;

i) The H* norm of the resulting system with jumps obtained by ignoring the white noises
W, (t)and w,, (i), respedtively is less than a specified y > 0;

i) The performance index (3.2) is minimized.

Remark that X (t) in (3.2) isin the mixed H ?/H * design problem the stabilising solution of the
Riccai norm type system (3.3) and (3.4) associated with the resulting system obtained with

U, (t)= F()x(t).t #Zih and u,, (i)=F, ()x(ih), i=0,1,.
The main result of this dion is:

Theorem 4.1 The solution of the state feedback mixed H?/H * problem associated with the
system (4.1) is given by:

F(t)=-B,. X(t) t#ih (4.3)
Fai)=—E7(h" B2, X (0" )A,i = 01... (4.4)

where
E(h*)=1+B,"x(ih" )8, (4.5)

and X() is the h-periodic stabilising solution of the game-theoretic Riccati type system with
jumps:

- X(t)= ATX(t)+ X(t)A+ X (t)y B, B, - B,B, JX({t)+C"C (4.6)
X (ih)= A" X(ih*)A, - A X (ih* )B,, E(ih )B2d X (ih* )a, (4.7)

Proof. Consider the aost function

3000 )= [0+ DU 07 - 0,7 b

+ ||u2d OX|2

(4.8)

Then replacing C' C from (4.6) into (4.8) and using the orthogonality condition (4.2) one
direaly obtains for T, (t)=y 2B, X (t)x(t), t #ih :



‘](XO’Glc’UZC’uzd):XT( ) ( )( ) I(uzc +Bzc X )())T(uzc(t)'l' BZCX(I)X(I))dt

+ ||u2d Omz
Further, taking into aacount the second equation (4.1) with w_, =0, (4.7) and expresgon (4.5) of
E(ih*) one obtains tht:

(4.9)

X (0 )X (0" 0" )+ s (0)],2 = %" X (O, + [ure (0)+ E*(0* )™ X 0 )\, | EO @10
X [Uzd (O) +E™ (OJr )Bsz X0 Ad ]
where x, := x(0)and therefore
(% Tie 1 Uzer Uz ) = X' X (O)x = X" ()X (h)x(h) + R () + Ry, (h) (4.11)

with

h

P (h):= [(UZC (t)+ B, X () (e )+ B, X (X))t = 0
P (0)= [y @)+ E*(0 ). X (0" A, ) EQ Jus 00+ 70 )8, X 07 A 20 (4.12)

Consider now the stabilising state feedbadk gains F(t)t #ihand F,(ih).i =01,...such that the
resulting system with jumps obtained with G, (t)=F(t)X(t). tzih and G,,()=F,({n)x{n),
i =0,,...has the H " norm less than y. Then using the norm Riccdi type eguations (3.3) and
(3.4) written for the resulting system, dired computations give:

3 (%1 Use G Gz ) = %o X (O = X" ()X (W)x(h) - P (usc) (4.13)

where
P, (ulc ) = Jh:()'ulc -y BlT X (t))A((t))T ()'Ulc -y" BlT X (t))A((t)}Jlt >0

and )2() IS the stabilising solution of the Riccati system (3.3), (3.4) corresponding to the closed
loop sysem. Taking in  (411) u'z(t)=-B, X{)x({), tO©OHhN  and
Uyy (0)=-E™(07)B,," X (0" )A, , from (4.12) and (4.13) one obtains

%" X (Op = x" (W)X (h)x(h) = %" X (0), = X" ()X (n)x(h) - P (G ) (4.14)

Define now the @4 function:



ih

J; (XO’ulc 1 Uge s Uy ) = IQ|CX(t)+ Duy, (tmzz - y2||U1c (thz}jt

a

0
i-1
5l (),

Since X()and X() are stahili sing solutions of the Riccati type systems (4.6), (4.7) and (3.3),
(3.4) respedively, it follows that:

(4.15)

lim, . x(ih)=lim,__ %(ih)=0

and therefore (4.14) together with (4.15) gives:

00

XoT X (O)Xo S XoT X (O)Xo B Z) P, (Glc (k))

from which it follows that
X (0)< x(0) (4.16)

Further, repeating the same reasoning for the s function:

ih

3, (s Ui ez ) = [OXE) + D ()7 = v )], e

t

i-1
ST
with t 0(0, h), one obtains that

X(t)< X(t) (4.17)

for al tO (O, h). Since for the state feedback gains (4.3) and (4.4) the norm Riccéai type system

(3.3), (3.4) coincides with the game-theoretic Riccai system (4.6), (4.7) it follows that the
corresponding state feadbadk controls are stabilising and the resulting system with jumps has the
norm lessthan y. Moreover from (4.16) and (4.17) it results that the minimum of the s

function (3.2) corresponding to the mixed H?*/H * problem is minimized by the stabilizing
solution of (4.6), (4.7) and thus the proof ends.

5 Conclusions

The result stated in Theorem 3.1 is useful in control problems of linea systems with jumps in
which a stabilising controller is required such that the ®st function J,is minimised. Such

developments has been performed for the cae of two-input, two-output systems with finite



jumps. Based on this result Theorem 4.1 provides a solution to the mixed H?/H * state-
feedbadk control problem.

References

[1] Doyle, J., K. Zhou, K. Glover and B. Bodenheimer. Mixed H, and H_ Performance
Objedives. Part 1l: Optimal Control. IEEE Transactions on Automatic Control, 39, No. 8,
pp.15751587, 1994

[2] Hosoe, S. A Unified Approach to H_Control by J-causal-anticausal Fadorization. Lect.
Notes Control, Inf. Sci., pp.337-352, 1998

[3] Ichikawa, A. and H. Katayama. (1996. H_ Control for a General Jump System with

Application to Sampled-Data Systems. Proceedings of the 35" CDC, Kobe, Japan, pp.446-
451, 19%.

[4] Ichikawa, A., H. Katayama H, and H_control for jump systems with application to
sampled-data systems. International Journal of Systems Science, 29, No. 8, pp.829-849,
1998

[5] Lakeshmikantham, V., D.D. Bainov, P.S. Simeonov. Theory of Impulsive Differential
Equations. World Scientific, Teaned, N.J., 1989

[6] Sivashankar, N. and P.P. Khargonekar. Robust Stability and Performance Analysis of
Sampled-data systems. |EEE Transactions on Automatic Control, 38, No. 1, pp.58-69, 1993

[7] Sivashankar, N. and P.P. Khargonekar. Charaderization of the L, -induced norm for linea
systems with jumps with applications to sampled-data systems. S AM J. Control and
Optimization, 32, No. 4, pp.1128-115Q 1994



