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Abstract

We study the observability properties of a nonlinear parabolic system that models
the temperature evolution of a thermoelastic rod that may come into contact with
a rigid obstacle. Basically the system dynamics are described by a one-dimensional
nonlocal partial differential equation of parabolic type with a nonlinear and nonlocal
boundary condition. For a specified nonlocal observation operator, we show the system
to be observable and get the estimates for the boundary temperature and the current
state of the system. The technique of deriving the boundary estimate is essentially
based on using Carleman-type estimates. Finally, for sufficiently smooth solutions, we
show that the observability result is equivalent to the boundary observability of the
system.

1 The dynamical system

Let Q7 = (0,1) x (0,7") for T' > 0. Consider a system described by the equations

1

(1+a*)0; — O, = a% max a/@(f,t)d{ —qg, 0, in Qp, (1.1)
6(0,t) =0, in (0,7), (1.2)

—0.(L,t)=k|g— a/@({,t)df 0(1,t), in (0,7), (1.3)

0(x,0) = by(x), in (0,1). (1.4)

1
Here 0 < a < 1, k(s), s = g —a [0(¢,t)d§ € R, is a nonnegative function. Equations
0

(1.1)—(1.4) model the temperature variation in a thermoelastic rod which is situated between
two walls that are kept at different temperatures. One end of the rod is fixed to a wall, while
the other end is free to expand or contract. The expansion of the rod resulting from the
evolution of the temperature and the stresses is limited by the existence of the other wall.
The contact of the free end with the wall results in the nonlocal parabolic equation with a
nonlinear and nonlocal boundary condition [1].
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Following [1], we define a strong solution of (1.1)-(1.4) as a function in W5"'(Qz), which
satisfies (1.1)—(1.4), and use the following result.

Theorem 1.1. Given 6y € H'(0,1) with 0y(0) = 0 and k(-) € C'(R), there exists a strong
solution to (1.1)—(1.4).

In [1], a weak solution is also defined and an existence theorem in proved for 6, € L?(0,1),
k € C(R), k > 0, where k satisfies the condition k(s) < als| + 3, s € R, a, 8 > 0. Based on
this result, we take L*(Qr) as a “generalized state space” of the system (1.1)—(1.4).

We assume that the conditions ensuring the existence of a strong solution hold, but that
0o is unknown. Measurements w(t) and z(t) of the process (1.1)—(1.4) are assumed to be
available:

w(t) = 0,(0,), =(t) _Ofle(g,t) de, t € (0,7). (1.5)

Since 0 € W1(Qr), we get w(-) € HY4(0,T), 2(-) € H*(0,T).

In this paper, we investigate if it is possible to estimate the current state (-, T) € L*(0,1)
and the boundary condition 0(1,¢), t € (0,7) from the measurements (1.5). To give a formal
description of the properties focused on in this paper, we refer to [6] and [2]. We say that
the system (1.1)—(1.5) is weakly observable, if for any two solutions (V) (x,t) and 0® (z,t)
with w® () = w@ (), zW() = 2@)(.), it follows that 0V (z,t) = 6P (x,t) for almost all
(x,t) € Qp. For the solutions in W2!(Q7), the weak observability property also implies that
O (1,-) = 63(1,-).

If the system is weakly observable, our next concern is whether the a posteriori estimates

106 DIz <7 (0O 20 + 128 0m)) - (1.6)

T
e <0 (kO so + 1o (L.7)
+e

may be derived for the solutions to (1.1)—(1.4) where the constants v and 1 do not depend
on a particular solution, but where n may depend on e. Linear parabolic systems, whose
solutions satisfy an estimate like (1.6), are said to be strongly observable [6]. We will
use the same notion to say that the nonlinear system (1.1)—(1.5) is strongly observable if
its solutions satisfy (1.6). Similarly, the system (1.1)—(1.5) will be said to be boundary
identifiable if (1.7) holds.

In this paper, we derive and prove the theorems establishing the weak and the strong

observability for the system (1.1)—(1.5), and examine the special cases, for which the estimate
(1.7) holds.

2 Observability theorems

Theorem 2.1. The system (1.1)—(1.5) is weakly observable.
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Proof. Let there be two solutions #V) and 6 such that for a.e. t € (0,7,

09(0,1) = 69(0,1),

1 1
(/W%w%a/wmﬁ%
0 0

From equations (1.1)-(1.5), it follows that the difference 8(z,t) = M) (x,t) — 0@ (z,t) has to
yield the conditions
(14+a*)0; — 0, =0, in Qr,
6(0,t) =0, 6,(0,t)=0 in (0,7),
0.(1,t) = K(t)0(1,t), in (0,7),
where K(t) = k(g — afo V(g 1)de) = k(g — afo 2(&,t)d€). Applying known results on

boundary observability of linear parabolic equations [5, 7], we conclude that () (z,t) =
0@ (z,t) for all t. The theorem 2.1 is proved.

Theorem 2.2. The system (1.1)-(1.5) is strongly observable.

Proof. We integrate equation (1.1) over the interval (0,1) and see that
1
! d
(1+ a2)/ 0,(&,t)dE = 0,(1,t) — 0,(0,t) + a— max a/e(g,t)dg —9, 0
0
0

from which we deduce

0.(1,t) = (1 +a®)2(t) + w(t) — a% max {az(t) — g, 0} (2.1)

and the estimate ||0,(1, )|/ z20m) < (14 a?)]|2 HLz y + w2 0,1)-
We now represent 6 in the form 6(z,t) = 01 (x, t) + 0@ (z,t) where 1) (2, 1) yields

(1+a?)0f" =02,
00 (0,t) =0, in (0,T),
o0(1,t) =0, in (0,T),

0N (z,0) = Oy(x), in (0,1),

mn QT,

and 0 (z, t) satisfies the equations

d
(1+a )9 = 6? 4 @~ max {az(t) —g, 0}, in Qr,
0(0,t) =0, in (0,T),
0P (1,t) = v(t), in (0,T),
63 (2,00 =0, in (0,1),



where v(t) is the expression on the right-hand side of (2.1).
To estimate 0 (-, T) and 0?(1,-), we use results for linear parabolic equations [8] and
conclude that
100, ) lz20,7) < (lvllz20m) + @l 2l 20m) -
109, D) < 22 ([vll20m) + @12l 20,m))
for constants 71, v, that are independent of v and z. From observability properties for linear
parabolic systems [5, 7] we deduce that

160 Tl 20,1y < 5116570, )220y < 75 (165700, )20y + 1wl z20y) -

Hence,

10C, D)2,y < 10D ¢ D)llz200) + 102 C D220y < Cull2llz20,1) + Collwllzzomy

for some C; and C5. Thus, Theorem 2.2 is proved.

3 Boundary identifiability

We now turn to the study of the boundary identifiability property for the system (1.1)—
(1.5). We note that if the system was linear, the boundary identifiability property would
follow directly from the estimates obtained in the theorem above. Since the system under
consideration is nonlinear, this question is open. In what follows we examine some cases,
for which it is possible to get an estimate for the boundary conditions €(1,¢) based on the
measurements (1.5).

Our first result comes directly from the estimate (2.1) and the condition (

1.3).
Theorem 3.1. Let the function k(s) be continuously differentiable and k(s) > k > 0 for all
s € R. Then the system (1.1)-(1.5) is boundary identifiable.

Under the conditions of this theorem, we derive from (2.1) that [|0(1, ) z20r) < k™' ((1+
a®)||2]l 20,y + |l £20.7)), and the theorem is proved. However, the condition k(s) > k > 0
is very restrictive and does not cover many typical forms of k(s), for example, the case
K'(s) < 0 and |k(s)| < «|s| + 0 treated in [1, 3, 4]. The next two theorems present the
results related to the cases, where the constant 1 in (1.7) only works for special classes of
measurements.

Theorem 3.2. Let k(s) be continuously differentiable and k'(s) < 0 for all s. Then there
exists a constant n > 0, for which the estimate
T -2
/ e MO (L, t)dt < (|2l 0,y + Wl Z20) (3.1)
0

holds for any solution 0(z, t) to the problem (1.1)—(1.4) with 6 € H'(0,1) and essinfeo 1) 2(t) >
0.



Proof. We will use the method of Carleman’s estimates for proving the theorem. Following
the general idea [5], we introduce the operator P : Wy (Qr) +— L*(Qy), acting as follows:
Py = (1 + a®)ys — Yue- Next, we construct the function ¢(z,t) = ((z — 2)? — 0)1(t) where
the constant ¢ is such that (z — 2)? — o < 0 for all = € [0, 1]. The function 9 (¢) belongs to
C1(0,T], is positive, nonincreasing in (0,7, and is such that

t%’ t e (O,tO]U[T_t(]?T]a
vi)=9 "d4-o
m, te [t17t2]

for some 0 <ty < t; <ty <7T. Forany p > 0, we define the operator £,y = erd@t pe=ril@t)y
acting on an appropriate set of functions {y(z,t)}, (x,t) € Qr. We derive the following
expression for this operator

Epy = ep¢(z,t) ((1 + a2)at - axx) €_p¢(x’t)y
= —(L+a)pdy + (1+ a®)ye — p°(62)y + (bow)’PY + 200aYe — Yaa-
The differential equation (1.1) may be written as

1 1

% a/&(f,t)df—g—i— a/G(é,t)dﬁ—g , (3.2)

0 0

Pu=p(t) =

|

and, for the function y(x,t) = e**@Y¢(z,t), we obtain the equality L,y = e*@Vp(t). Squar-
ing both sides of this equation, we derive the inequality

2(=p*(02)*Y = Yaa, (14 a*)ys + 2002s)

N (3.3)
<3 (H(l +a)peyl7,p + 1€72F D17, 0 + ”P¢ix9"%2(ﬂT)>

where (-, -) denotes the scalar product in L?(Q7).

Integrating by parts, and keeping in mind that y(z,0) = 0, y,(z,0) = 0, and y(0,¢) = 0,
y:(0,t) = 0, we deduce the following expressions for the terms on the left-hand side of this
inequality

—2/ P2 (02)2y(1 + a®)ye da dt = —p*(14a®) [ G2(y%): dudt
QT QT
1

11 )T [ 2P T) da (3.4)

8p2(1 1 a?) / (x — 2P0 (O (1) drd,

Qr

1 [ (0P dadt = =16 [ (0w~ 27, dadt
QT QT
A (3.5)
= 16p° / V)y*(1,t) dt +48p° | P (t)(x — 2)*y(x,t) du dt,
0 Oz
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T
4 / Yeapays dudt = 4p / V2(L,E0(t) dt + 4p / y2(a, D) (t) dudt
Qr 0
T

o (3.6)
—sp [ 20000,
T
—2(1 + a2)/ Yool drdt = —2(1 + a®) /ytyx o dt+ (1+ a2)/ ((y2)?): dadt
Qr Qr
T 1
21+ a®) | v(1,t)y.(1,8) dt + (1 Yo (
| s [ser
=2(1+a®) [ (1= )i (u(1, ) +u1,1) a1

x [2p(t) + K ()] u(1,t)dt + (1 + a?) /yfc(x,T) dx
= (14 )OO 20T 4 K1, T)

1
T
—(1+a®) / e2P1=® (2p0" + K'(t))u?(1,t)dt + (1 + a?) /yfc(a:, T) dz,
0
0

where we have denoted K (t) = k(az(t) — g). Substituting these formulas in (3.3), we get

/@b?’ 2(1,t) dt + p? @/)3( Yz —2)%%(x,t) de dt + (1 +a )/yi(m,T) dx

T
U U <302+ 8 [ 200000
0

(3.8)
where

1

U, = 46p° i V() (x — 2)%% (x, t)dxdt — 4p*(1 + a®)T~ 4/(x —2)%y*(z, T)dw,

0
T

T
Ty = 15p3/¢3(t)y2(1,t) dt — (1+ aQ)/ e2P=v ) [ (1) (1, t)dt,
0

0

Uy = p’ w3< )(z — 2)*y*(x, t)dadt — 3p? / (1 +a®)¢} + ¢3,)y" (x, t)dadt.

Qp
It is clear that \Ilg > 0 if p is sufficiently large. Further, K'(t) = k'(az(t) — g)2(t) < 0 and,
hence, ¥y > 0. Now we examine the sign of ¥;. To do this we will need the following lemma
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Lemma 3.1. There exists a constant C > 0 such that the inequality
; T
C/@z(x,T)dx < /92(33,15) dxdt—l—/ p*(t) dt (3.9)
0 Qr 0
holds for any solution u(x,t) of (1.1)—(1.4).
Proof of Lemma 3.1. Let 0(x,t) yield the system (1.1)—(1.4). Taking # > 0, we consider
the function v(z,t) = B#Q(x, t), (z,t) € Qr. Integrating by parts we obtain

1
/ v (2, T) do = 2/ vy dedt = 2/ e (0; +280t3)0 dwdt
0 Qr Q

= 2/ e (1 +a?) ", +260t2 + (14 a®)'p(t))0 dadt
Qp

(1+
—283 T —28
=4p [ e@ t736? dxdt+2(1+a2)_1/ e 0(1,1)0,(1,t) dt
0
—2(1+a2)_1/ 6%95 dxdt+2(1+a2)_1/ e%ﬁp(t)e(t)dt.
Qp

Qr

Hence,

1 B T
e / 0*(x, T)dx < / e ® 4Bt dadt + [ 0%dadt + / p°(t)dt. (3.10)
0 Qr 0

Qr
. . . _% 3 3 2 3 3/2 .
Having the inequality e~ 2t 3 < =3/ <@> = ¢y, we can estimate the first term on the

right hand side of (3.10), which results in (3.9) with C' = e=2%/T*(¢q + 1)~'. Lemma 3.1 is
proved.
Now we can estimate W;. We represent this term as the sum

U, =p° w3( Yz — 2)2%(x, t)dodt — 4p*(1 + a>)T ™ | (x — 2)%y? (2, T)dz + ¥y

O\H

where

Wy = 45p° V3(t) (x — 2)%y* (x, t)dxdt — 4p*(1 + a®)T~ 4/x—22 (2, T)dw.
Qp
0

We have

to 1 1
Uy > 45,03/ / 3 (1) 1=V OY2 (¢ Hdedt — 16p*(1 + a )/ (2, T)dx
t1 0

. 4
> (2o(t=o)T " (45p3 [T2(1 ? } / / 0° (w, t)dxdt — 16p°(1 + a*)T~ / 0%(x, T)dx )
—O'
(3.11)



According to Lemmad.1, there exists a constant Cs, for which

1 1 to to
, / (a1 < / / 62z, ) dadt + / P(8)dt
0 0 t1 t1

Taking p > 0, which satisfies the condition

4 —

3
g 2 2\ -4 _
—T2(1 — 0’):| CQ > 16,0 (1 +a )T = 03,

46p° {

we find that

1 to 1
Wy > C'g,ezp(‘*"’)T_2 </ 02 (z,to)dw — 05162”(”’4”_2 / p2(t)dt — / HQ(x,T)d:c)
0 t1 0

(3.12)
We can get the estimate

1 1 1 [T 1 T
/ 0?(z,ty)dx — / 0*(z, T)dx > ——/ / 02 (z, t)dxdt — —/ p*(t)dt
0 0 2 0 Jtg 2 t2

by integrating by parts the equality

/o1 /tT 0((1+ a*)0 — Ore — p(t))dt = 0.

Hence,

3 1 1 T 1 T _ to
Uy > Oy (—5 /0 / 0% (z, t)dadt — 5 / FA(t)dt — Cyte?rlo—0T / p2(t)dt).
to to t1

Then, if p is sufficiently large,

3 1 T 3 to
Uy > Cye?r=oT™ (-- / P (t)dt — Cyte?Plo—9T / pQ(t)dt).

2 to t1

Using these estimates we deduce from (3.8) the inequality

T
342 .
| e <o (1o + lolon) (3.13)
0

with the appropriate constants 7 and A\. Remembering the notation (3.2), we deduce the
needed inequality (3.1) and Theorem 3.2 is proved.
In much the same way as Theorem 3.2 was produced, we can derive the following result.

Theorem 3.3. Let () € L*(0,T) and
max{|[z|| 1), [2(-)lL=m} < R. (3.14)
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Then there ezist constants n = n(R) and A = A(R) such that

T
=2
| e <o (bl + lolson) (3.15)
0

holds for any solution 0(x,t) to the problem (1.1)—(1.4) satisfying (3.14) and 6y € H'(0,1).

Remark 3.1. Under the conditions of Theorem 3.2, the inequality

166 Dllzz0n) < 71 (IPIE200) + 0220

holds, while the conditions of Theorem 3.3 ensure the estimate

106 T) B0y <1 (R) (b0 + 00y - (3.16)
Since ||pllr20r) < |2l z200,m), these two inequalities are stronger then the one proved in
Theorem 2.2, but the conditions under which they hold are more restrictive.
We also note that (3.16) generalizes the estimate known for parabolic equations [5] for the
case of non-homogeneous equations with non-stationary boundary conditions.

4 The boundary measurements

Suppose a solution 0(x,t) of (1.1)—(1.4) is a classic one and, hence, 6, 0., are continuous in

[0,1] x [0,7]. Since 6(0,t) = 0, we derive that
ad
022(0, 1) = —5 = (a2(t) — g + |az(t) - g]) . (4.1)

According to the notation (3.2), we can write 0,,(0,t) = p(t) and write the estimates (3.1)
and (3.16) as follows

T
/0 e 021, 1)t < n(R) (110220, )30 + I0l30r))

10, T)[|72001) <M (HHM(O, iz + Hw(')H%P(O,T)) :

This means that, when the solution to (1.1)—(1.4) is smooth enough, the boundary mea-
surements 6,(0,t) and 6,,(0,¢) provide information which is sufficient to reconstruct both
6(-,T) and 6(1,¢).

5 Conclusion

In this paper, we have derived observability results for the one-dimensional nonlinear parabolic
PDE describing the temperature evolution of a thermoelastic rod which comes into contact
with a rigid barrier. Future work will built on these results to study identification problem
for thermoelastic contact problem.
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