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Abstract

For a nonlinear system with a control input, a generalized form of the homological
equation can be formulated to reduce the system to its normal form. In this paper, it
has been shown that for a linearly controllable system with an appropriate choice of
state feedback, the generalized homological equation can be solved to give an explicit
solution, of a reduced order, to the problem of second order linearization.

1 Introduction

Linearization of nonlinear dynamic system was originally investigated by Poincare[l, 2] in
terms of homological equations. Krener et. al.[3] have considered a nonlinear system with
a control input and showed that a generalized form of the homological equation can be
formulated in this case.Devanathan[4]has shown that, for a linearly controllable system with
an appropriate choice of state feedback, the system matrix can be made non-resonant.This
concept is further exploited in this paper in the case of second order linearization. First, the
normalizing transformation is explicitly solved for in an unique way. This is followed by the
solution of the parameters of the input transformation using a system of equations which can

be reduced to (@) equations in n variables whose rank is (n — 1).This is in contrast to
the result of [3] which derives a system of [(%) +n?] equations in ("Q(ZH)) + "("2“) +n)

variables with a rank of (”Q(ZH)) + ”(”2+1) + n — 1). Moreover, the solution derived in this

paper is in an explicit form while that of [3] is not.

2 Background

Krener et.al. [3] have extended the Poincare’s result on the normalizing transformation to
include the control input in a straightforward way. Consider the equation

i = Az + Gu+ fola) + fole) + -+ g (@)u+ gal)u+ - - (2.1)

where the eigenvalues of A are non-resonant, u corresponds to a scalar input and f,,(z)
(gm—1(z)) corresponds to a vector-valued polynomial containing terms of the form
aftxd ol g > 0,0 =1,2,---,n are integers and Y7, ¢; = m(X, ¢ =m—1),m > 2.
Using a change of variable as in

r=y+h(y) (2.2)
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consider a change of input as in

v= (14 Bi(z))u+ as(z), 1+ Bi(z) # 0 (2.3)

where (1(x) and ay(z) correspond to terms linear and of second order in z respectively.
Following Devanathan [4], it can be shown that the second order term ” fy(z)” and the
”g1(z)u” term can be removed provided the following generalized homological equations are
satisfied.

P2 (ay) — Ahaly) + Geat) = Lol 2.4)
8h82;y) (Gu) + GG (y)u = q1(y)u, Vu, (2.5)

3 State Feedback for Non-resonance

In this paper, we consider a class of systems of the form

£= (&) +9(6) (3.1)

where £ is an n-tuple vector and f(§)and g¢(§) are vector fields.For simplicity, we assume
a scalar input (. We require that the system (3.1) be linearly controllable [5],i.e., the pair
(F, @) is controllable where F' = g—g((}) and G = ¢(0), at the assumed equilibrium point at
the origin. One can consider, without loss of generality, F and G to be in Brunovsky form

[6]. The power series expansion of (3.1) about the origin can then be written as
&= Fz+Go+ O1(x)® + 7 (z, ) (3.2)

where superscript (2) corresponds to terms in x of degree greater than one, superscript (1)
corresponds to terms in z of degree greater than or equal to one and = and ¢ are the
transformed state and input variables respectively. To put (3.2) in the form of (2.1), where
matrix A is non-resonant,we introduce state feedback as in

¢o=—Kzr+u (3.3)
where
K = [kn, kp_1,- -, ko, ky]* (3.4)
(3.2) then becomes
i=Ar+Gu+O0(x)? +~(z,u)V (3.5)
where
A=F-GK (3.6)

Remark 3.1 We can choose the eigenvalues of (3.6), without loss of generality, to be real
and distinct ([4]). Since, matriz A in (3.6) is in phase-variable canonical form, using a
change of coordinate involving the Vandermonde matriz [7], (3.5) can be put in the form
of (2.1) where matriz A is diagonal and G = [1,1,---,1]'. The solution of the generalized
homological equations (2.4) and (2.5), in this case, results in the second order linearization.de



4 Equations for Second Order Linearization

Let

fQZ(y) = ZszQYQ77/ = 1727 N
Q
f2 - [f217f227"'7 f2n]t

Further, given Q as in (4.3),let

Q] = [qlana"'7Qj—17(qj_1)7(]j+17"'7Q7’L]7 q; :27j € (1727"'7”)
and for j, k€ (1,2,---,n).

[q17q27 oy gk-1, (ka + 1)7(]k+17 o '7qj—17 (q] - 1)7(]j+17 o '7qn]7 .] > k
Qf: [QIaQ277q]—17(q]_1)7q]+177ka—17(ka+1)7ka+177Qn]a k>]
Q7 k:ja

q]:27Qk:07j7k€ (1,2,"',71)
Let

ﬁl(y) = Z ijYQj
Qj

a1 = [9117912, T 7gln]t
g1 = ZglinYQj7i = 1727 IR
Qj

Then, combining Equations (2.4) and (2.5), one can get for ¢; =2,¢, =0, =1,2,---

(1,2,"',71);2.:1,2,"',71

G (< QA > =) a) + D llgr + 1) (< Q) A > _)‘i)il(a%)?)] —bg,; = d;
[y

(4.10)

(4.14)



where d;; is a known quantity given by

dij = (< QA > =) (faig) + D [(ax + (< Q. A > =X) ™ (faigr)] — g1i
Py
(4.15)

The unknown parameters agq, Qsgr and b, in the input transformation are to be solved
J
from the equation (4.14). Using the simplified notations as follows:

QoQh = Qjk; Qg = Qjj and bg, = bj;q; = 2,q; = 0,
Jke(1,2,--- n);i=1,2,---.n (4.16)

Equation (4.14) can be put in the form
dj = Cj aj — L bj (417)
where, for j =1,2,---,n,

dj = [dyj, daj, - - -, dns]" (
a; = oy, agj, o Q' (4.19

L:[lalala"'al]t (

(

and Cj; is an n x n matrix whose (7, k)-th element is given by

1 .
—1 k

C,(i k) = { ?W;—A)i jik (4.22)
2,

i,k=1,2,--- n; j=1,2,---,n The following two results are stated without proof.
Theorem 4.1 For each j =1,2,---,n, the n x n matriz C; is nonsingular. &

Representing C; in terms of its columns as

Cj = leji, ¢, s en] (4.23)
and noting that
Cjk = Ckjs Ak = Ay, k?.] € (17 27 o '7”)
Equation (4.17) can now be put in the form

d=[DB] [ 2‘1 (4.24)
where d is a n?-tuple vector given as



(

where d;,j € (1,2,---,n) is an n-tuple vector given as in (4.18). a isa %ﬂ) -tuple vector

whose elements are o, j =1,2,---,n,k=j,j+1,---,n. bis n-tuple vector given as

b= [by,by, ", by, (4.26)
Dis a (n? x ”(”T’Ll)) matrix which can be explicitly expressed in terms of the elements
ik, 3,k € (1,2,-++,n). Bis an? x n matrix put in block diagonal form as

B =dig|-L,—L,--,—1I] (4.27)

Theorem 4.2 The rank of the n® x ("("H) +n) matriz [D B is ("("H +n—1). Moreover,
n(n 1)

equation (4.24) further reduces to a system of
with rank (n — 1) whose solution corresponds to the solution of second order linearization.de

linear equations in bj, j = 1,2,---.n

5 Example

We illustrate the complete procedure through an example. Consider the system

010 0 0.522 2
i=100 1|az+]|0|u+| -z |+ | 22 |u+0@)® +0(2)Pu (5.1)
000 1 0.5x3 T2
where
T = 11, 12, 73", (5.2)

and superscript (3)(superscript (2)) corresponds to terms in x of degree > 3(2). The state

feedback v = v — K x applied to the above system where K = [2, 2(?, %] results in the
eigenvalues —1, ’3 —h =3 leading to the system
-1 0 O
z=1 0 _74 0 |z+ v+
0o o0 =

1827 4+ 1823 21252 — 205 20 — 25872923 + D221 23
2727 4 152323 + MZ’% 4102129 — 56192223 + 3872123

302% %23 + 128423 4362129 — 8506 S22 2923 + 40821 23

1221 + 5629 + 4525
— | 112, +572 + 452 | v+ O0"(2)® + 0" (2)Pv (5.3)
1221 + 5622 + 442’3

bt



Formulating the equation(4.17), j=1,2,3

2220 00100 '

31 %8 0 00100 =

4210 00100 =20
3 6 6 5677

020 % L0010 2677

0102 20010(06=|4%4 (5.4)
6 12 3 623

0 ¢ 2 7 0010 T

00 ; 0 T é 001 Ey

00 % 0 i 00 1 e

(001 0 2 200 1] el
where

0= [0[11,0612,0613,06227042370133,b17b27b3]t (55)

The matrix on the OHS of equation (5.4) has rank 8 only.The parameters oz, 7,k € (1,2,3)
can be uniquely expressed in terms of b;,j = 1,2, 3.Hence, for reasons of consistency of the
values of b;,j = 1,2, 3, we have,

31 0 by 34
2.0 =1 ||b|=] 36 (5.6)
02 3 b —40

In the above, one of the b;,j € (1,2,3) is arbitrary. Putting b3 = 0,b; = 18and b, = —20,
the normalizing and the input transformations are computed respectively as

z=hao(y) +y (5.7)
where

—15y2 + 352y1y2 — 351y1y3 — 12152 + 2154y,y3 — 924y32
ho(y) = | —36y? + 564y1ys — 522y1y3 — 1634y2 + 2781ysy3 — 1152y3? (5.8)
—54y? + T08y,y> — 630y1y3 — 1890y3 + 3148y,y3 — 1890y 32

w = (1+ 1821 — 2029)v + 327 + 1542129 — 2222123

1967 1275
———?;—zg%—13622223———75—z§ (5.9)

The original system (5.1) then reduces to

S 4 3 ,
g = dig(~1, 5, =)y + (111w + O (1) + 01 (3, w) (5.10)

where the second degree terms in y and the product terms of the form ” (linear term in y)w”
are completely removed.



6 Conclusions

The problem of transforming a dynamic system into its normal form is an old one. In the
reduction to the normal form, the role played by the resonance of the system matrix is
well-known. In the context of linearly controllable system, however, the control input can
be used to provide state feedback so as to ensure the non-resonance of the system matrix.
This, in turn, can lead to the explicit solution of second order linearization as shown in this
paper.The future work is to extend the linearization technique (for a linearly controllable
system) to an arbitrary order.
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