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Abstract

The noninteracting control problem with stability for (A, B, C, D) quadruples has been studied
for a long time. But, there are no numerically verifiable solvability conditions and no numerically
implementable methods for solving it in the existing literatures. Hence, indeed it is still an unsolved
problem from theoretical and numerical points of view. In this paper we develop a numerically
reliable method to solve this unsolved problem. The main tool that we use is numerical linear
algebra technique and our numerical method can be implemented in a numerically reliable way.

1 Introduction
Consider an (A, B, C, D) quadruple and its associated linear time-invariant system of the form
& = Az + Bu, y=Cx+ Du, (1)

where A € R™*" B e R™™ C € R™" D e R™™ D is the direct feedthrough matrix, x € R" is
the state, u € R™ is the control input and y € R™ is the output. Let u = Fx + Hv, then the closed
loop system becomes

t=(A+ BF)x+ BHv, y=(C+ DF)x+ DHv. (2)

The transfer matrix from output y to input v in (2) is (C + DF)(sI — A— BF)"'BH + DH. Hence,
the noninteracting control problem (i.e., row by row decoupling problem) with stability studied in this
paper can be formulated as follows:

Definition 1 The noninteracting control problem with stability for an (A, B,C, D) quadruple is solv-
able if there exist matrices F € R™*™ and H € R™*™ such that

(C+ DF)(sI — A— BF)'BH + DH is nonsingular and diagonal, (3)
and the matriz A+ BF s stable.

The noninteracting control problem with stability for the linear time-invariant system

i = Ax+ Bu, y=Cux, (4)



which has no direct feedthrough matrix, has been investigated and numerically verifiable coordinate-
free solvability conditions have been given in [4, 5, 6, 7] based on geometric approach and structural
approach in the last three decades.

The results in [4, 5, 6, 7] are very important theoretically. But, as pointed out in [9], they can not
lead to numerically reliable methods for computing a solution for the noninteracting control problem
with stability for systems of the form (4). Only very recently, a numerically reliable method has been
developed in [9] based on orthogonal transformations for solving this problem. After a hard study, we
found that it is very difficult to generalize the works in [4, 5, 6, 7] even to characterize the solvability
conditions for the noninteracting control problem with stability for (A, B, C, D) quadruples. Similarly,
the result in [9] can not be generalized easily for this purpose, too.

The only existing works that we can find on the noninteracting cotrol problem with stability
for (A, B,C, D) quadruples are [1, 2, 3]. In [2, 3] only sufficient conditions are given. While the
necessary and sufficient conditions in [1] are based on the existences of some particular but unknown
invariant subspaces of system (1) and some particular but also unknown solutions of the noninteracting
control problem without stability for system (1), hence, the conditions given in [1] are not numerically
verifiable. Furthermore, the results in [1, 2, 3] can not give any direction to establish a numerically
implementable method for solving the underlying problem in the general setting.

Based on the above observations, we can conclude that the noninteracting control problem with
stability for (A, B,C, D) quadruples is still an unsolved problem from both theoretical and numerical
points of view. The main purpose of this paper is to develop a numerically reliable method, based on
numerical linear algebra technique, to solve this unsolved problem.

2 Main Results

In this section we will establish a numerically reliable algorithm for solving the noninteracting control
problem with stability for (A, B, C, D) quadruples. Our method consists of four different stages:

(1) Stage 1 is to reduce the underlying problem for the (A, B, C, D) quadruple into a simultaneous
problem of disturbance decoupling and “unusual” noninteracting control with stability for a
reduced system with nonsingular direct feedthrough matrix and a noninteracting control problem
with stability for a reduced system without direct feedthrough matrix.

(2) In Stage 2, we only consider the simultaneous problem with stability arised in Stage 1. This
simultaneous problem with stability will be reduced into an “unusual” noninteracting control
problem with stability for a linear time-invariant system with nonsingular direct feedthrough
matrix.

(3) We will present a numerically reliable algorithm in Stage 3 to solve the “unusual” noninteracting
control problem with stability produced in Stage 2.

(4) Stage 4 consists of the backtransformations of the results in Stages 1, 2 and 3 to the desired
solution for the original noninteracting control problem. An outline of the overall algorithm is
given in this stage.

2.1 Stagel

The noninteracting control problem with stability for systems of the form (4) and the noninteracting
control problem without stability for systems of the form (1) have been studied and the related
numerically reliable methods based on orthogonal transformations have been developed in [9] and [10]
respectively. Hence, the results in [9] and [10] will be used as a bridge to achieve the purpose of Stage
1 in this subsection.



Lemma 2 [10] Given A € R"", B € R™"™,C € R™" and D € R™*™. There exist orthogonal
matrices U,V € R™™, W € R™™ and a permutation matriz P € R™*™ such that

ni n2 mg m—mg
sEn — An —Ar2 B Bio g
U 0 sI—A|B vV 0 — Az sEyp — Ayy  Bn By }7?2

0O P C D o w |~ 0 sF39 — A3z 0 0 g ,
Cll 012 D11 0 }mo
0 Ca2 Doy 0 tm — mg
(5)
where

rank(D11) = my, rank{ By1 By } = Na, meaé(rank [ skzz — Az 1 = ng,

Cao

sEy1 — A1 B B

rank
l — A By Bao

] =n1 +no, VseC. (7)

The following conditions (9) and (11) follow directly from [10], and the condition (10) is a direct
consequence of the stability of A+ BF .

Lemma 3 (c.f. [10]) Given A € R"", B € R"™, C € R™" and D € R"™ ™. Assume that
orthogonal matrices U, V., W and the permutation matriz P have been determined to satisfy the
condensed form (5). For any matrices F € R"™*™ and H € R™ ™, denote

ni no mog m—1mg
Ty | Fin Fi2 0 Typr | Hu 112 0
WIFY = [Fm F22] tm —mg’ WoHEP [H21 Hso ] pm —mg ®

If there exist F € R™ "™ and H € R™*™ such that (3) holds and A+ BF is stable, then

D21 = 0, ﬁz =m — My, rank(BQQ) = ﬁQ, (9)
rank(sEss — Age) =n3, Vse C/C™, (10)
Hiz =0, Agy + Boi Fiy + BogFy =0, BoyHyy + BagHay = 0. (11)

Lemma 3 contains a very important fact, that is, the conditions (9) and (10) are necessary for the
noninteracting control problem with stability of system (1). With these two necessary conditions, we
can refine the condensed form (5) as follows.

Theorem 4 Given A € R™"™ B € R™™ C € R™" and D € R™* ™. Assume that orthogonal
matrices U, V., W and the permutation matriz P have been determined to satisfy the condensed form
(5). 1If the conditions (9) and (10) hold, then there exist nonsingular matrices X, Y € R™™ and
Z € R™* ™ such that

sE1 — Aqg —Aio Bi1 B
X 0 —Ag sEyy — Ags | Ba1 Baa v 0
0 I 0 SE32 - A32 0 0 0 7
Cn Ci2 Dy 0
0 Cyo 0 0



niy ﬁz ’I~23 mo ﬁQ

&1 — An —Ai2 —Ais BuDu 0 | tm
—Ay 5E92 — Ago  sE23 — Az 0 Boy | }na
= 0 —Aso sE33 — Ass 0 0 tns (12)
Ci Ci2 Ci3 D1y 0 | }tmo
0 Coo Co3 0 0 | }ne
where
rank(&11) = ni, rank(Eg) = ng, rank(Esz) = ng, rank(D11) = my, (13)
—Azp sE33— A3z | . .
max rank [ Cos Cos = Ny + N3, (14)
rank(3533 - Agg) =n3, Vse€ C/C_, (15)
and
rank [ s&1 — A B } =ny, VseC. (16)

Furthermore, matrices X, Y, Z and the condensed form (12) are computed only based on orthogonal
transformations which can be implemented via an inverse-free and numerically reliable way.

Lemmas 2 and 3 and Theorem 4 offer a springboard to leap forward to the objective of this
subsection.

Theorem 5 The noninteracting control problem with stability for (A, B,C, D) quadruple is solvable
if and only if the condition (9) holds and furthermore the following (a) and (b) are satisfied:

(a) The state feedback decoupling problem with stability for strictly proper system
Ex &Ea3 | . Az Ass Baa
_ — 1
[ 0 £ |¢ sy Ass | * oo (v v [ Co2 Co3 } x, (17)
is solvable, i.e., there exist Foy € R"2XM2  Fha € R™X™ gnd Hoyy € R™*2 such that

Ean Ea3 1 [ Ao + BooFoy  Agz + BooFas

th il
¢ pendl ([ 0 &s3 Asa A3z

]) is stable, (18)

1
[ Co C } 5E29 — Aoy — BooFoy  sE23 — Agz — BaaFhg Bao I
22 Cas . sEa3 — Ass 0 = (19)

is nonsingular and diagonal.

(b) The simultaneous problem of disturbance decoupling and “unusual” noninteracting control for
the linear time-invariant system

[ En O ] P l A — B11Cii Az — BiiCis

0 &s3 0 Ass T

Bii A2 — B11Ci2 _
0 ]u—}—l Aso ]d, y=u

(20)
with feedback w = Fx + v is solvable, i.e., there exists F € R™0X(M+73) gych that

the pencil ([ En 0 ] 7 l A1 = BiiCii Az — BiiCis ] n l Bi1

0 s 0 Ass 0 ] F) is stable, (21)

S e A e B B E R Il e
s€11 — A + BiuiCn —Aiz + BiiCis B11 1| A2 = BiiCi2 |
}_(l 0 5€33 — Ass ] a [ 0 ] ) A3 =0 (23



2.2 Stage 2

In this subsection we will reject the disturbance and thus transform the simultaneous problem of (21),
(22) and (23) into a single problem like that of (21) and (22).

0 &3 0 Ass Asz 0
densed form (12). There exist orthogonal matrices U,V € RM+78)x(m+03) gych that

B
o)

Lemma 6 Let [ & 0 ] , [ A A ] , [ Arz ] , [ Bu ] , [ Ci1 Cio Ci3 } come from the con-

s&11 — A+ BiiCii —Aiz + Bi1Cis A2 — B11Ci2
U V.U
( l 0 sE33 — Ass ] l A3

18 in its controllability staircase form, i.e., the following properties hold:

U s€1 — A1 +BiiCnn —Aiz + B11Ciz | A2 — B11Ciz | B vV 0
0 sE33 — Ass Ass 0 0 I
n+nyg—7—v T v N9 Mo
$O11 — D11 5O — D1y O3—Pis A T | Iyt az—T-v
== 0 sO—- 8@23 — (;)23 0 v }’7’ y (24)
0 0 $Op—dzs 0 0 | Jv

rank[sén—én A } =ni+ng3—7—v, VseC, (25)
rank{s@—@ \If}:T, Vs € C. (26)

Theorem 7 Assume that the form (24) has been determined. The simultaneous problem of (21), (22)
and (23) is solvable if and only if

the pencils (©11, ®1;) and (B33, ®33) are stable, (27)
and the “unusual” noninteracting control problem with stability for system
O = Px + Yu, y =u (28)

with state feedback
u= Kz

is solvable, i.e., there exists a KK € R™*7 such that
the pencil (©,® + WUK) is stable, K(s© —® — WK)~ 'V is diagonal. (29)
Moreover, if (27) and (29) hold true with I € R™0*7 | then (21), (22) and (23) hold with
F=[0 k£ K],

where K € R™*V s arbitrary.



2.3 Stage 3

To our knowledge, the problem (29) has not been studied yet. In this subsection we will develop a
numerically reliable algorithm for solving the problem (29).
The following result is trivial.

Corollary 8 Let (©,9,V) be from the condensed form (24). If my = 1, then the problem (29) is
always solvable and all its solutions are given by all matrices K satisfying that the pencil (0, ® + UK)
15 stable.

In the following we consider the case that mg > 1.

Theorem 9 Assume that (©,®, W) is from the condensed form (24) with mg > 1. There exist non-
singular matrices X,Y € R™7 and a permutation matriz P € R™0*™0 gych that

X“@-@@HJ’O] _

0 P
T1 T2 T3 T4 T5 my T5 Mo —M1 —T5
8911 — <I>11 0 0 0 0 \1’11 0 0
5021 — Po1 5029 — Do 0 0 0 Uy 0 W3
5031 — P31 56032 — P32 5033 — P33 0 — P35 V31 0 W33
0 0 0 8944 — (I)44 8945 — (I>45 0 \I/42 \1143
0 0 0 5954 — (1954 8@55 — (1355 0 0 0
where
0<mi <mg, 0<T7<1, (31)
if 75 =0, then 73 =74 =0, (32)
5@11 — @11 0 0 \Ijll
rank | $609; — Po; $O9y — Doy 0 Uoq =T11+1m+713, VseC, (33)
5031 — P31 5033 — P3p 5O33 — P33 V3
rank [ 8622 — ®yy \1123 } = To, Vs € C, (34)

and furthermore, if 75 = 1, we also have

Uyo # 0, (35)
rank [ 5033 — P33 P35 } =13, rank(sOsq — P5yq) =74, VseC. (36)

Moreover, matrices X, Y and the condensed form (30) are computed only based on orthogonal trans-
formations which can be implemented via an inverse-free and numerically reliable way.

We are now ready to derive a very useful reduction property of the problem (29) based on the
condensed form (30).

Theorem 10 Let that (©, P, V) be from the condensed form (24). Assume that nonsingular matrices
X, Y and the permutation matriz P have been determined satisfying the condensed form (30). Then
the problem (29) is solvable if and only if

pencils (g2, P92) and (O33, P33) are stable, (37)

b
%
}T3 )
}7s
!



mﬂmmu[&i8§L[§i$ibmmwmﬁwg¢a (38)

and there exists a matriz C11 € R™*™ such that
pencil (@11, <I>11 + \1’11’C11) is stable, ICU(S@U - <I>11 — \IIHICH)_I\I’H is diagonal. (39)
Moreover, if (37), (38) and (39) hold, then one solution KC of the problem (29) is given by

1 T2 T3 T4 T5

’Cn 0 0 0 0 }ml
Ky=P | 0 0 0 Ku K| i ; (40)
0O 0 0 O 0 | ymo—m1—3
where
[ Kou Kas | = 0if Wag #0, (41)
o | G4 Oy Pyy Pus Wyo : : B
the pencil ([ 05y O ] , [ Bsy D + 0 ] [ Koy Kos }) is stable if Wy3 = 0. (42)

Theorem 10 leads to the following numerically reliable algorithm, which is only based on orthogonal
transformations and solutions of some linear systems of equations, for solving the problem (29).

Algorithm 1

Input: ©,® € R™*7, ¥ € R™*"™0 satisfying (26).
Output: K € R"™*7 (if possible) solving the problem (29).
Step 0. Set K :=0, M := I,,, N :=1;, 1:=0.

Step 1. Ifmg = 1, compute K such that the pencil (0, P+VK) is stable, and then set K := [ ’g I(z’ ] .
Go to Step 3. Otherwise, if mg > 1, go to Step 2.
Step 2. Compute the condensed form (30). If (37) or (38) fails, print “The Problem (29) Is Unsolv-

able” and stop. Otherwise, compute [ Kos Kas } based on (41) and (42). Set

T2 T3 T4 75

0 Koy Kos 0] }7s
K = 0 0 0 0 }mo—m1—7'5,M::M[

0o o0 0 K|I 01 01

o O O

tea(21)

and © := 011, :=P11, V.=V, I=14+mg—mq, T=71, mg:=mq. Go to Step 1.
Step 3. Compute K by solving the linear system KN = M K. Output K.

2.4 Stage 4

The results in Subsections 2.1, 2.2 and 2.3 can be combined to provide an overall numerically reliable
algorithm for solving the noninteracting control problem with stability for (A4, B, C, D) quadruples as
follows.

Algorithm 2

Input: A€ R™", Be R™™, C e R™" and D € R™*™,

Output: Matrices FF € R"™*™ and H € R"™™ (if possible) such that the matric A + BF is stable
and (3) holds.



Step 1. Compute the condensed form (5) using the algorithm given in [10]. If the conditions (9)
and (10) are not true, print “The Studied Problem Is Unsolvable” and stop. Otherwise, compute the
condensed form (12).

Step 2. Solve the noninteracting control problem with stability for system (17) using the algorithm in
[9]. If it is unsolvable, then print “The Studied Problem Is Unsolvable” and stop. Otherwise, compute

one of its solutions ({ Fyy Fos } , Haa) such that (18) and (19) hold.

Step 3. Compute the staircase form (24). If the condition (27) does not hold, print “The Studied
Problem Is Unsolvable” and stop. Otherwise, compute a solution K of the problem (29), if it exists.

n+nyg—7—Vv T U
Step 4. Set F = { 0 K O}VT, and compute F' and H by

BogFyy = —Ag1, D11F12 = —Ci2, D11 [ Fi1 Fis } =F - [ Ci Ci3 ] ;
Fi1 Fip Fis Hyp 0O
FVY =WZ , H=WZ P
[ Fy1 Fyy  Fog ] l 0 Ha ]

with Dy1H11 being nonsingular and diagonal.

Output F and H.

3 Conclusions and Remarks

We have developed a numerical algorithm—Algorithm 2 to verify the solvability conditions and compute
a solution for the noninteracting control problem with stability for (A, B, C, D) quadruples. Algorithm
2 involves only orthogonal transformations and the solutions of several linear systems of equations and
thus it can be implemented in a numerically reliable way.
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