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Abstract

In this paper, we consider a stabilization problem for a fluid flow. For a pertur-
bation of the velocity of an incoming flow on a flat plate, the laminar-to-turbulent
transition location varies. We want to stabilize it by a suction velocity trough the
plate. The linearization of the nonlinear model around a steady state solution leads
to a linear degenerate parabolic equation. We look for a suction velocity in a feedback
form, determined by solving a LQ R problem with an infinite time horizon. We derive
the associated optimality system and the optimal control. The study of the Riccati
equation is difficult because the state equation is a degenerate parabolic equation for
which the results in the literature cannot be directly applied. The existence of solution
is established by studying the asymptotic behaviour of the minimal solution to a Dif-
ferential Riccati Equation. Numerical tests show that the feedback law stabilizes the
laminar-to-turbulent transition location of the flow.

1 Introduction.

This paper deals with the stabilization of the laminar-to-turbulent transition location devel-
opped by a fluid flow on a flat plate. The control is a suction velocity through a small slot
near the leading edge. As described in [3], the instationary flow in the laminar boundary
layer can be described by the Prandtl’s equations. Using the so-called Crocco transforma-
tion, this system is reduced to a nonlinear degenerate parabolic equation (called the Crocco
equation) [8]. By linearizing the Crocco equation around a stationary solution, we obtain



the following linear degenerate equation :

(2 an % - bE MG+ () Rz = f, (nEm) € Q,
2(0,&,m) = 20(&;n) (&n) € Q, L
Va(n)z(7,0,n) = va(n)z(r,n), (1) € (0,T) x (0,1),
(b2)(7,€,1) =0, g—;(ﬂé,o) = vs(T)x4(§) + 9(7,€) (7,€) € (0,T) x (0, L),

\

with @ = (0,7) x Q, Q= (0,L) x (0,1), (0, L) represents the length of the flat plate, (0, 1)
is the thickness of the boundary layer in Crocco variable. The final time 7" can be finite or
infinite, x, is characteristic function of v = [zg, z1] C (0, L) and v, is the suction velocity
through the slot . The coefficients a, b, c depend on the stationnary solution to the Crocco
equation. They have the following behaviour :

a(n) =Usxn, ne€l0,1],

be Cl(Q)v 02(1 - 77)2‘7 < b(fvn) < Cl<1 o 77)207 v(ﬁ?”) € Qa b(éun) > 0in Qa

ce Cy(Q), c(&n) =0 V(& n) in Q,

with 0 = \/—In(u(l — 7)), 0 < u < 1, C1,Cy > 0 and UY corresponds to the stationary
velocity of the incoming flow. We suppose that

o f(1,6,m) = d(&,n)use(T) + e(&,n)%=(7) € L*(Q) where uy represents a smooth per-
turbation of U2,

e g L*((0,T) x (0,L)), z0 € L*(Q), z; € L*((0,T) x (0,1)).

This paper is organized as follows. In section 2, we state an existence, uniqueness and
regularity result for the linearized Crocco equation (1.1). In section 3, we formulate a LQR
problem with an infinite time horizon. We prove the existence of a unique optimal solution.
In section 4, we study the corresponding Riccati equation. In the last section, we numerically
show that the feedback control law applied to the nonlinear model, stabilizes the transition
location.

Notations.

Let H'(0,1;d) be the closure of C*°(]0,1]) in the norm :

lellr o0 = (/ P + L= o2 |5

2

1/2
dn) . (1.2)




To take the Dirichlet boundary condition into account, we denote by H {11}(0, 1;d) the closure
of C2°([0,1))) in the norm || - |[#1(0,1;4). According to Triebel theorem 2.9.2 [9]

H'(0,1;d) = Hy;y(0,1; d).

We observe that the Dirichlet boundary condition at n =1 is lost.

We set O = Qx x Q= with Qx = Q= = (0,L) x (0,1). A point in Qx (resp. Qz),
will be denoted by X (resp. Z). The space of square integrable functions on O satisfying
2(X,E) = 2(, X) is denoted by L*(0O).

2 The linear degenerate equation.

In this section, we study the system (1.1). First, we define weak solutions for the system
(1.1) by the transposition method.

Definition 2.1. Let f € L?(0,T;L?*(Q)), g € L*((0,T) x (0, L)), vy € L*(0,T; L*(xg, z1)),
21 € L*(0,T;L*(0,1)), and 2y € L*(Q). A function z € L*(0,T; L*(2)) is a weak solution
to problem (1.1) if only if it satisfies the following identity

2 drdédn = drd&dn — b(&,0)(vs(7) Xy T, 7,£,0) drd
/Qw ¢dn /pr ¢dn // (6,0) (0a(T)xs (€) + 9, €))p(r, €.,0) drdg

T (2.3)
+ /0 /0 a(n)z1(m,n)p(7, 0, n) drdn + /QP(O,S, n)z0(&,n) dédn,
for all v € L?(0,T; L*(Q)) where p is solution to equation:
( —%—ag—g—asz)ﬂcwa)p:@b in Q,
%?(7,5,0) —0, ()& =0 in(0,T)x (0,L), (2.4)
Van)p(r, L,n) =0 in (0,T) x (0,1),
L (T, ¢,n) =0 in Q.

The existence and uniqueness of a solution to system (1.1) is stated in the following theo-
rem.

Theorem 2.1. Let f € L*(0,T;L*(Q)), g € L*((0,T) x (0,L)), vs € L*(0,T; L*(xo, 1)),
2 € L*(0,T;L%(0,1)), and z € L*(Q), then equation (1.1) admits a unique weak solution
z € L*0,T; L*(Q)). Moreover

z€ L*((0,T) x (0, L); H*(0,1;d)) N L>=(0, T; L*(£2)),
Vaz € L*(0,L; L*((0,T) x (0, 1)),
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and the solution obeys:
|2l L= 0,:z2(2)) + [V @z||Loe 0,2 (0,1 % 0,1))) + 2] 220,10y x (0,L):7 (0,1:0))
< C(IIfllzz@ + o llzzoryzzo) (2.5)
gl z2 0.0y % 0.L) + |21l 22 0,0y % (0,1)) + ||ZO||L2(Q)>;
where C' > 0 is independent of T.

Sketch of the proof.
Step 1. First, we study the evolution equation

0 0?
aa—z —ba—7;+(c—|(;k:a)z:f,
2
(b2)(&, 1) =0, ba_n(ga 0) =0,

Vaz(0,m) = 0.
Due to the degeneracy of a in n = 0, the classical results for at parabolic equations cannot

be used. With a point fixed method, and the results of [2] and [6], we prove in [4] that the
system (2.6) admits a unique solution such that

(2.6)

Vaz € L*(0,L; L*(0,1)), z € L*(0,L; H'(0,1;d)).

Step 2. We define the unbounded operator A in L?(€2) by :

0 0?
o« Az = —a(n)a—z + b(&n)a—n’; — (e + ka)(£,)z,
e D(A) ={z € L*(0,L; H'(0,1;d)), vaz € L>(0, L; L*(0,1)), vaz(0,-) =0,
N(az, —bg—;) =0; Az € LQ(Q)} ;

where the operator N denotes the normal trace operator on (0,L) x {0} U {0} x (0,1).
For k > 0 enough large, we can prove that the operator (A, D(A)) is the generator of a
contraction semigroup on L?(€2). We can obtain the same results for the adjoint system of
(2.6).

Step 3. With the semigroup theory, we easily show that the system (2.4) admits a unique
weak solution p € C([0,T]; L*(Q)) N L*(0,T; L*(0, L; H'(0, 1;d))).

Step 4. The uniqueness of a solution to system (1.1) can be immediately deduced from
the definition by transposition. By approximation and a passage to the limit, we can prove
the existence of a solution for the system (1.1). O

In [5], the system (1.1) has been studied with a, b, ¢ independent of the ¢ variable.
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3 The LQR problem in infinite time horizon.

Set Z = L*(2) the state space, Y = R the observation space and U = R the control space.
We study the following LR problem

(P) Inf  {J(z,u) |(z,u) € L*(0,00; Z) x L*(0,00;U), (z,u) satisfies (1.1)},
with
sew = [ ) = wddr+ 5 [ luoln (3.7

where y(7) = [, ¢2(7) d€dn + couse with ¢ € L*(Q) and ¢, € R. The function y; € L*(Q)
represents a desired transition location.

By classical arguments, we can prove that the above control problem admits a unique
solution (2, vs). The optimal control for (P) is characterized by

1

0(r) = 5 [ e0p(r. €00 3:5)

where p is the solution to system (2.4) with

b(r &) = €n(/¢xy7myﬂmwmwﬁ)—wW)-

4 Feedback control law and Riccati equation.

In this section, we denote by A% (resp. A%L) the operator A* written in variable X (resp.
=). We prove that the optimal control v, is characterized by the feedback law

By(7) = %/f@,@) (/Q 7(s,0,5)2(r, ) d= + 1“(7',5,0)) ds, (4.9)

where 7 is solution to the Riccati equation

(

Ajm + Aim — —/ 5,0)7(s,0,E) ds b(s 0)7(X, s,0) ds

+o(X)¢ (E) = V(X,E) €0,
aL;T)(x, 0,2) =0, (bm)(x,1,2)=0 Y(z,Z) € (0,L) x 9,
a;;) (X,6,0)=0, (br)(X,&1)=0 v(x,€) € x (0, 1), +10
Jar(X,L,n) =0 Y(X,n) € Q% (0,1)
Jar(L,n,E) =0 Y(n,Z) € (0,1) x Q
7(X,Z) = (2, X) > 0 Y(X,E) € 0,




and r satisfies the system
( Or
or

+ [ (X,

L

J
J

o(br) B
T rE0 =0 (rne 1) =
Var(r, L,n) =0,
| 7(00,&,m) =0.

E)f(r, X)dX + o

O (12) = A*r(r,Z) — % / b(C,0)r(r, ¢, 0) dC / b(s,0)7(s, 0,Z) ds
Y il

T, E) (CQUOO(T) - yd(T))

7r(x,0,E)b(§,0)g(r,x)dx+/0 7(0,s,Z)a(s)z (T, s) ds, (4.11)

To study the system (4.10), we firstly etablish the well posedness of a local solution in
time to the following Differential Riccati Equation associated to (4.10) :

\

= A% +A*7r——/ (s,0) (sO)ds/b(sO) (s,0)ds

+o(X)9(=) i (0,7) x O,

(4.12)

( Or
or
ag;;r) (r,2,0,2) =0, (br)(r,2,1,Z) =0,
< 85;;) (7, X,6,0)=0, (br)(r,X,&1)=0,
ar(1,X,L,n) =0,
\/&T‘-<T7 L?ﬁ? H) = )
W(07X7 E) - 77-0()(7 ‘:‘) Z 0
(T XJ‘—‘) - 7T(7—7~7X) > 0

where g € L2(O). To prove the existence of a solution for the system (4.12), we must study

the following Differential Lyapunov Equation :

(0T _ Ayr + Azr 4+ 0, X)0(r, 2)

Var(r, X, L,n) =0
Var(r, L,n,Z) =0

m(0, X,Z) = m(X,Z) > 0

(T X?'_') _W(TvuaX) >0

or
o(bm) (1,2,0,8) =0, (bm)(m,2,1,5) =0
;;)(T,X,f,()):(), (bm)(7, X,€,1) =0

n(0,7) x O,

for (1,2,Z) € (0,7) x (0,L) x €,
for (7, X,€) € (0,T) x Q x (0, L),
for (1, X,n) € (0,T) x Q2 x (0,1), (4.13)
(0,7) x 2 x (0,1),

(
(
for (1, X,7) €
for (X,E) €
(

for (1, X,=2) € (0,T) x O,



with ¢ € L*(0,T; L*(Q)) and my € L*(O).

Definition 4.1. Let € L*(0,T; L*(Q)). A function # € L*(0,T; L2(O)) is a weak solution
to the system (4.13) if for all z € D(Az) and all ¢ € D(Ax), ((7(-),2),2) > 0, the function
((7(+),2),C) belongs to H*(0,T) and satisfies

di #(r, X, 5)2(2)C(X) dXdE = / (#(r, X), 2) AxC dX + / (#(r, 2), ) Az d=
e ™ o (4.14)
+ / W 2)2(2)dE [ o(r, X)C(X) dX.
QE QX

The term ((7(-), 2),¢) stands for [, [o_7(, X, Z)2(E)((X) dXd=. To prove the unique-
ness of a solution for (4.13), we introduce an other equivalent definition.

Definition 4.2. Let ) € L*(0,T; L*(Q)). A function & € L*(0,T; L*(0)) is a weak solution
to the Differential Lyapunov Equation (4.13) if for all symmetrical function w such that
w € L*(Qx; D(Az)) N L*(Q=; D(Ax)) N L(0),

the function (7(-),w) belongs to H*(0,T) and satisfies
d

— (1, X, 2)w(X, 2) dXd= = / T(Axw + Azw) dXd=
AT Joy xa=

fxxs (4.15)
+ (1, X )p(r, Z)w(X, B) dX d=.

QxXQE

In the following theorem, we prove the uniqueness and the existence of a solution for the
linear system (4.13).

Theorem 4.1. Let o € L*(0,T; L*(Q)). The system (4.13) admits a unique weak solution
w. It obeys :

7€ L*(0,T; L*(Qx; L*(0, Ly H'(0, 1;d))) N Cy([0, T; L2(O))
Moreover, T satisfies the estimation
17| 20miz202 0,057 0,1:0)) < C (IImollz20) + 11 @ ¥l o2 o)) (4.16)
where the constant C' is independent of T

Proof. The uniqueness of the solution to (4.13) immediatly follows from the definition
4.2.

Existence. We can verify that the solution to (4.13) is defined by :

(7(t)z,¢) = / A+ 2 dX d=
@]

7

(4.17)



for all z,{ € D(A).
With the Cauchy-Schwarz inegality and (4.17), we prove that # € L>(0,T; L?(O)). O

To show the existence of a solution for (4.12), we use a point fixed method in the space
By = {7 € CL0.0: L2(0)) N L(0,5 L2(Q: L(0, L (0. 1:))))
17l L= z2z0) + 1Tl 20522 @200, L301 0,10y < 3M 2}’

with ¢ > 0 a small enough, ||¢||r2@) < M and ||mo||r2@) < M?. We have the following
theorem

Theorem 4.2. Let ¢ € L*(Q), my € L2(O) such that ||¢||12¢) < M and ||mo||120) < M?
for some M > 0. We denote by t a small constant. The system (4.12) with admits a
symmetrical solution (-, X,2) = (-, =, X) > 0 that satisfies :

7€ L*(0,; L*(Qx; L*(0, L; H'(0,1;d))) N C,([0,%]; L2(O))
Moreover, we have :

17l r2sL2 @200 01y + 1Tl L= 0522000 < C (16 ® dll12(0) + [IT0ll12(0)) ,  (4.18)
where C' is a constant not depending on T and t.

To prove the existence of solution for the system (4.12) on each interval [Tt + T, we use
the same point fixed method with my now corresponding to the solution of the system (4.12)
at time 7T'. Therefore, the system (4.12) admits a unique solution on [0, 00).

By studying the asymptotic behaviour of the solution to the DRE, we prove the existence
of a solution for the Algebraic Riccati Equation.

Theorem 4.3. The Riccati equation (4.10) admits a unique symmetrical solution m > 0
such that
7€ L*(Qx; L*(0, L; H(0,1;d))) N L*(O).

Moreover, T satisfies :
7l L2220, 0,1:00) < Clld @ ¢l L2(0)- (4.19)

Proof. It based on the proposition 2.1 p. 309 of [1].

Step . We show that the solution to (4.12) admits a limit when 7 tends to co. Let 7 the
solution to (4.12) with my = 0 and 7 the solution to (4.12) with 7(0) = 7(¢), ¢ > 0. With
proposition 2.2 p. 147 [1], we have

((x(t+¢),2),2) = ((7(D), 2), 2) = ((7(t), 2), 2)-



So, the map t — ((m(t)2), 2)) is increasing. We denote by IT € L(L?(2), L?(2)) the operator :

(1) 2(X) = / (L, X,Z)2(Z) d=.

Q

Since ||7|[ o (0,00;12(0)) < 00, We have

Sup |(11(t)z, z)| < oo,
>0

for all t > 0 and all z € L*(Q). Consequently, for all z € L*(2), the limit lim (TI(t)z, 2)

exists and is finite. Let TT,, defined by : o
lim (11(t)2, 2) = (Tpin, 2). (4.20)
We have
(11(1)2, Q) = L(I(0) (= + ), (= + Q) — 3 (M(D)(= — ), (= — Q). (1.21)

With (4.20) and (4.21), we obtain

lim (I1(t)2, ) = (Ininz, €),

t—o00

for all z,¢ € L*(Q). By applying two times the Banach Steinhaus theorem, we find that
Sup |(T(E)-, ez 2@ < 00,

Thus, i € £(L*()) and I, = 117

min®

By the uniqueness of the limit of (II(¢)z, z) when
t tends to oo, I1,,;, can be represented by a function 7,,;, € LE(O) such that

tim [ (1. X, 2)2(2)C(X) dXd= = / i (X, 2)2(2)C(X) dX dZ,
- Jo (@]

for all z,¢ € L*(9).

Step 2. We show that m,,;, is solution to the ARE. Let 7 be the solution to (4.12) with
To = Tmin and 7, the solution to (4.12) with mp = 7(n) where 7 is the solution to (4.12)
with my = 0. By using the dynamic programming principle, we have

Fn(t) = 7(t+n), t>0.
Due to the first step, we have

((7}”(0)72)72/) - ((ﬁ(O),Z),Z) = ((Wmimz)>z)a

n—oo

for all z € L?(2). Therefore
((7(t),2),2) = lim((7u(t), 2), 2)

n—oo

= lim (7(t +n),2), 2)

n—oo

- ((ﬂ-mim Z)? Z)v

9



for all t > 0 and all z € L*(f2). Finally, 7 is constant and equal to ,,,. As 7 is the solution
to (4.12) with my = 0, we have

d ,, .
0 = %((W,z),z)

= (Axz, (Tmin, 2)) + ((Tmin, 2), Az2) — }% </ b(s,0)(Tmin(s,0), 2) ds) + (¢z, 9z).

Consequently, 7,,, is the solution to the ARE (4.10). 0.

Now, we can prove the existence of solution r for the system (4.11).

Theorem 4.4. Let g € L*((0,00) % (0, L)), z0 € L*(Q), f € L*((0,00) X Q), us € L*(0,00),
21 € L?((0,00) x (0,1)). The system (4.11) admits a unique weak solution r such that

r € L*(0,00; L*(0, L; H'(0, 1;d))) N L*(0, 00; L*(92)),
Var € L¥(0, L; L*((0, 00) x (0,1))).
Moerover r obeys :

|71 10 0,00:12()) F [V ar || Lo (0,2:22((0,000x (0,1))) F 17| £2(0,00:L2(0, 11 (0,1:0)))
(4.22)
< C(HfHL2((O,oo)><Q) + ||Zl||L2(0,oo)><(0,1)) + ||g||L2(o,oo,L2(o,L))>-

The proof can be found in [4].

5 Numerical results.

In this section, we solve numerically the LQR problem. Following the numerical scheme
given in [3], the system (1.1) is semi-discretized in space. We obtain a finite dimensional
system of the form :

dz"

— =A"+B "

- 2" 4+ Bug + (1), (5.23)
2"(0) = 2.

where (1) = Eiuo(T) + Ey%=(7) + E3 g™(7) + E4 27(7) and 2"(7) represents a vector of

dr

R™. The operator A now belongs to L(R™). The feedback control law is
vy(1) = —K2"(1) — R™*BTr"(1), (5.24)
where
e K = R7!'BTII and II is the unique symmetrical non negative solution to the ARE

ATII +TIA -~ IBR'B'TI 4+ CTC = 0. (5.25)

10



e The vector r" is the solution of

dr™
——— = (A= BK)"r" + CT(Couse — yq) + ILf",

dr ( )T (Cou Ya) f (5.26)
r"(o0) = 0.

e The state 2" is the solution of

dz"

— = (A—-BK)z"— BR'BTr" + ",

dr ( )2 r] (5.27)
2"(0) = zg.

Notice that numerically, all eigenvalues of A have a negative real part. Therefore, A is
exponentially stable and the ARE (5.25) admits a unique solution II.

Algorithm of control. Before the beginning of the time loop, we build the matrixes
A, B,C, Ey, Ey, Es, Ey. We solve the Riccati equation (4.10) to determine I and build K.
Since the perturbation u., is known on [0, 00|, we calculate the solution to (5.26). During
the time loop, we solve the system (5.27) and we apply the control law given by (5.24) to
the nonlinear model.

The nonlinear model (Prandtl’s system) is solved on a fine grid with 20000 points [4]. The
compensator (5.27) is calculated on a coarse grid of n = 63 points. The constant R defined
in (3.7) is taken equal to 0.001 and y; = 0.

For the first example, we consider a sinusoidal perturbation us, = 0.5%sin(4nt)*cos(24wnt).
The figure (1) represents the variation of the controlled and uncontrolled transition location
determined with the nonlinear model and the values of the suction velocity (the control).
The maximum amplitude of the transition location is reduced of 65%.

11



Variation of the controlled and uncontrolled transition location.

0.1

0.2

0.3

0.4

0.5

0.6

Variation of the suction velocity.

0.7

0.8

0.9 1

| | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (sec)

Figure 1: At the top, controlled (blue) and uncontrolled (red) variations of the transition
location in response to a perturbation u,, = 0.5 % sin(4nt) * cos(24nt). At the bottom,
variation of the control in response to the same perturbation.
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In the next test, we consider a perturbation with a greater amplitude but with a smaller
frequency
Uso = 1.5 * sin(4nt) x cos(8mt).

The figure (2) shows that the maximal amplitude of the variation of the transition location
is reduced by 66%.

Variation of the controlled and uncontrolled transition location.
46 T T T T T T T

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

o x107° Variation of the suction velocity.
T T T T

| | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (sec)

_6 | | | |

Figure 2: At the top, controlled (blue) and uncontrolled (red) variations of the transition
location in response to a perturbation uy, = 1.5%sin(47wt)*cos(8xt). At the bottom, variation
of the control in response to the same perturbation.

6 Conclusions and further works.

In this paper, we have considered the numerical and theoretical stabilization of the transition
location obtained with the Prandtl’s system. The proof of the existence of a solution for the
ARE differs from [7] and permits to deal with problems where the semigroup generated by
the operator A is exponentially stable.

We have supposed that the perturbation u., is known. Therefore, the action of the per-
turbation on the transition location is taken into account in the feedback law with an extra
term r solution of a backward equation.

13



Similar numerical results for the LQG problem have been obtained in [4]. In this case, the

longitudinal and vertical velocities in the boundary layer can be estimated.

In a future paper, a H*-approach will be used to determine a feedback law robust with

respect to perturbations of the velocity of the incoming flow US®.
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