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Abstract

This paper is concerned with a study on the variational systems and their adjoints
of Hamiltonian control systems and its application to iterative learning control, which
is applicable to a class of electro-mechanical systems. First of all, the self-adjoint
structure of the variational of those systems is clarified. Then a novel iterative learning
control scheme is proposed based on it. This method does not require either the
knowledge of physical parameters of the target system nor the time derivatives of the
output signals. A concrete and effective learning algorithm for mechanical systems is
also derived.

1 Introduction

Hamiltonian control systems are the systems described by well known Hamilton’s canonical
equations with controlled Hamiltonians [2]. They are introduced mainly to characterize
variational properties of dynamical systems and is used for optimal control, see also [15].
Those systems were also utilized to describe physical systems, and the related geometric
methods of controlling this class of systems supplied fruitful results in control engineering
[11, 8, 6]. Furthermore, this control framework was generalized in order to handle electro-
mechanical systems as well as conventional mechanical ones [7], and several control methods
are proposed for them [7, 4, 12, 9]. Thus a scope of this paper contains control of a class of
physical systems such as mechanical and electrical systems.

In this paper, we investigate the self-adjoint structure of Hamiltonian systems. It is re-
vealed that the variational systems of Hamiltonian systems have self-adjoint structures. This
fact implies that the input-output mappings of the adjoints of the variational of Hamiltonian
systems can be obtained without using precise knowledge of the target system.

This paper also studies iterative learning control of Hamiltonian systems based on the
self-adjoint structure of the variational of Hamiltonian systems. A novel framework for
iterative learning control of Hamiltonian systems will be proposed. This control scheme is
very simple in the sense that it does not require the knowledge of any physical parameters
of the target system. Also it does not require any time derivative of the output signal either,
whereas existing well-known simple learning scheme by Arimoto [1] does require high order
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time derivatives. Furthermore, we will show a concrete control system synthesis method for
mechanical systems.

2 Self-adjoint structure of Hamiltonian systems

This section discusses the self-adjoint structure of the variational of Hamiltonian systems.
Consider an operator X : X xU — X xY with Hilbert spaces X, U and Y with a state-space
realization

(¢!, y) = 22" u): { y
o= z(th)

I
=
8
S

~

(2.1)

defined on a time interval [t° ¢'] 3 t. Typically, X = R", U = L[¢°, '] and Y = L5[t°, ¢1].
A simpler notation 2% : U — Y with

= f(z,u,t) z(t) =2"

y:Zzo(u):{y = h(z,u,t)

is also employed.
Here let us recall Fréchet derivative of nonlinear operators.

Definition 2.1 Consider an operator ¥ : X — Y with Banach spaces X and Y. ¥ is said
to be Fréchet differentiable at x € X if there exists an operator d¥ : X x X — Y such that
dX¥(z,€) is linear in £ and that

1X(z + () — B(x) — dX(z, )|y
lelix—0 1€]1x

= 0.
Under these circumstances, dX(z, ) is called the Fréchet derivative of ¥ at x.

The Fréchet derivative dX*" (u)(du) of £ (z) is given by [2, 10, 3]

T = f(z,u,t), z(0) = 2°

e () = 5o Gy ) (o) mo=0

By its construction in Definition 2.1, the Fréchet derivative dX(z,dz) is a locally linear

approximation to X(x), that is
d¥(u, du) = X(u + du) — 3(u) (2.2)

holds when dz is small.



Next we consider a Hamiltonian system ¥y with a controlled Hamiltonian H (z,u,t) with

dissipation
( T
. OH (x,u,t) o 0
t = (J—R) E%x , z(tY) ==z
(z',y) = Su (2, u) : __OH(z,u,t) . (2.3)
Y ou
\ vt o= xz(th)

Here the structure matrices J € R"*" and R € R™ " are skew-symmetric and symmet-
ric positive semi-definite, respectively. The matrix R represents dissipative elements such
as friction of mechanical systems and resistance of electric circuits. For this system, the
following theorem holds.

Theorem 2.1 Consider the Hamiltonian system with dissipation Xy in (2.3). Suppose that
J and R are constant and that there exist nonsingular matriz T, € R™™ satisfying

J = -T,JT;!
_ -1
R = T,RT, (2.4)
OH(x,u,t) T, 0\ ®H(z,u,t) ( T;* 0
o(z,u)2 0 I O(z,u)? 0o I)
Then the Fréchet derivative of X is described by another Hamiltonian system
¢ H T
i o= (J—R)W - x(t%) = a°
_ OH,(z,u, Ty, Uy, 1)
U:J—R v\ Wy Ly, Uy, ’ UtOZO
(@) = dZu(@ ) ) s T VT Pl =
o _aHv(x?uaxvauvat)T
Yo = o,
Lz, = x(t)
(2.5)

with a controlled Hamiltonian H,(z,w, x,, Uy, 1)

T oo
e =5 () Tt (o).

2\ O(z,u)? Uy

Furthermore, the adjoint of the variational system with zero initial state ug — yo = (dX7° (1))* (uq)

15 given by

4 H ¢ T

i = (J—R)%, ) 2(10) = 2
x * 8Hv y Wy MUy GJt
Yo = (A5 (W) (ua) : { &, = —(J—R) (@ Sf o, ) C ozt =0 . (26)
3Hv(x,u,$v,ua,t)T

Ya = — P

\ ua




Suppose moreover that J—R is nonsingular. Then the adjoint (xl,u,) — (22, y,)(dS (2%, u))*(z
1s given by the same state-space realization

( H ¢ T
i = (J—R)% , ) x(t%) = a°
. OH,(z,u, Ty, Ug, t)
UZ—J—R v\ Wy Loy Ua, Utlz_J_RTwl
i = —-mete ) ey -RT
_ OH,(w,u,myua )"
Ya = o,
[ 7o = T = R)™ (1)
Proof. First of all, let us calculate the variational system of > .
( T
H
po= (-p2End T o(10) = of
OH (z,u,t)
Ry Lo [UemTEEE
Yo — O(z,u) _0H(x,u,t)T w, )T
ou
\ T) = z,(t")
We obtain
#w\  (J-R 0\ &PH@ut) [z,
Yy B 0 -1 O(z,u)? Uy
T T T
B J—R 0 0 1/, 0?H (z,u,t) Ty
B 0 —I 0Ty, ) | 2\ O(z,u)? Uy
aHv(xauaxmumt)T
. J_R O aHv(a:auawvauvat)T_ <J_R) axv
N 0 -1 O(y, uy) N _8Hv(zc,u, a:v,uv,t)T
ou,
which equals to (2.5). Next we calculate its adjoint as
( i = (J- R)MT 2(1%) = 29
- o , ) —
A A J—=R 0\ &H(z,ut) Ta ) () =2l
Ya B 0 I 0o -1 (x,u)? u, ) T
|2 = )
Here let us define a (possibly singular) coordinate transformation z, = —(J — R)T,x,, then
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we obtain
(x'a) B (—(J—R)Tx 0
Ya 0 I
B ( —(J—R)T, 0 ) ( 10 ) (( J—R 0 ) 82H(93,u,t))T< T )
0 I 0 I 0 —I 0(z,u)? Uq
B _(—(J—R) 0 )(Tx 0)02H(x,u,t)(—J—R 0 )(xa)
-1 0 I O(x,u)? 0 -1 Uq
B ( 0 ) ( T, 0 ) O*H (z,u,t) ( ~T-HJ — R)Tyx, )
-1 0 I O(x,u)? Uq
B ( 0>(T 0)82H(x,u,t)<T_1 O)(—(J—R)mea)
0 1) 0(x,u)? 0 I Uq
B ( (J—R) 0 )82H(a:,u,t)(ja>
0 —I d(x,u)? Uy )
This proves (2.6). Furthermore, if J — R is nonsingular then the behavior of the state x,(t)

can be recovered by z,(t) = —T,;'(J — R)™'Z,(t). This implies (2.7) and completes the
proof. a

Remark 2.1 Note that the dynamics of z, in (2.6) or (2.7) is the time reversal version of
that of z, in (2.5). Suppose the input u is given such that the time history of the Hessian of
the Hamiltonian 9? H/9(z, u)? is symmetrical with respect to the middle of the time interval
0+ (t +1°)/2, ie.,

O?H (z,u,t) _ 0*H(x,u,t)

O(z,u)? (t=1) = a(z,u)?2 (' —t), Vtel[t't]

Then dX 5 has a self-adjoint state-space realization. This condition often occurs in a PTP
control of robot manipulators.

Under the circumstances in Remark 2.1, Theorem 2.1 implies that the time reversal system
of the adjoint (d¥g)* coincide with the variational dX g, that is,

Ro(dEg(u))* o R =dEy(u) (2.8)
where R is a time reversal operator defined by
R(u)(t —t°) = u(t' —t), Vte [t t] (2.9)

Namely, the variational of the Hamiltonian system (2.3) has self-adjoint structure. Combined
with the property of the variational system (2.2), we can calculate the input-output mapping
of the adjoint by only using the input-output data of the original system.
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Figure 1: LCR-circuit

Example 2.1 Consider an LCR-circuit depicted in Figure 1. Let ¢; and ¢y denote the flux
linkages, Hy(-) denote the inductance energy (a nonlinear function of ¢, and ¢5), R; denote
the resistance, Hq(+) denote the stored energy of capacitance (a nonlinear function of @), @
denote the charge, and V' denote the input voltage. Let us definite the input u = V' and the
state x = (@, 1, p2). Then we obtain the Hamiltonian system (2.3) with

H(Qv@h@%”) = HC(Q)_‘_HL(SOMSO?)_I_QU

0 -1 -1
J = 1 0 O
1 0 0
00 0
R = 0 0 O
00 R

This system reduces to a port-controlled Hamiltonian system

) d(He+HL) T

Q 0 -1 -1 S L)T 0

o1 = 1 0 0 78“{;;]{” + 1 1 Ju

P9 1 0 —R o(H+HL)T '
02

Yy = —Q

This system satisfies the matching condition (2.4) with

1 0 O
T, = 0 -1 0
0 0 -1

Therefore, we can calculate the adjoint of the variational system by using the input-output
mapping of the original system provided the assumptions in Remark 2.1 hold.



3 Iterative learning control

This section explains how to apply the results in Section 2 to iterative learning control. The
simplest problem setting of iterative learning control is as follows. Consider the nonlinear
system (2.1) and a prescribed desired output y¢. The main purpose of learning control is to
find an input v = u¢ which achieves ¥(u?) = y?. To this end, the iteration law

Wity = ) + kY — ya)

is adopted. Here wu(; and y;) denote the input and output at the i-th operation. The
objective is to find an appropriate law k(-) such that

Ya) — Y~ as 1 — o0,

Arimoto et.al [1] adopted the iteration law k(-) in a PD like controller form without using
the precise knowledge of the target system (2.1) under mild assumptions. Yamakita and
Furuta [14] proposed to use the adjoint of the target system as the iteration law k(-) based
on optimization theory, see e.g. [13]. Though this approach brings fast convergence, it needs
precise knowledge of the target system. There are some other results adopting in-between
approaches, e.g. [5], which give faster convergence and require less information of the target
system. The main strategy taken here is similar to the Furuta’s approach. But our result
does not require the precise knowledge of the target system. Here we are going to utilize
qualitative properties of physical systems rather than quantitative ones.

3.1 General framework

Let us consider the system ¥ in (2.1) and a cost function I' : X? x U x Y — R such as

tl
d d
P, g) = o=, + e =+ [ (o) = O, + 1) - Ol ) d
t

with the desired initial and final states 2°¢ and xld, and the desired input and output u?
and y?. Here ||z||r, with T, € R™" denotes v/2TT',x. The objective is to find the optimal
input (2%, u,) minimizing the cost function T', that is,

(22, u,) := arg (zo,ur)relanlel (2° u, 2t y) (3.10)

with X; x U; C X x U. In general, however, it is difficult to obtain a global minimum
since the cost function I' is not convexr. Hence we try to obtain a local minimum here, i.e.,
X3 x Uy € X xU. Note that the Fréchet derivative of I' is

dr(2°, u, 2*, y)(d2®, du, dz', dy)

where
dl (2 u, z',y) € (X2 x U x Y)*.

7



It follows from well-known Riesz’s representation theorem and the linearity of Fréchet deriva-
tive that there exists an operator IV : X2 x U x Y — X? x U x Y such that

dl(2°, u, 2t y)(d2®, du, dz', dy) = ( T(2°, u, 2", y), (d2°, du,dz',dy) dxoxuxy.  (3.11)
Since (z!,y) = X(2°, u), the cost function I is described by
L% u,z',y) = T((2°,u), B(z", u)).

Hence a necessary condition for the optimality (3.10) is characterized via its Fréchet deriva-
tive as

d (D((2), ui), (2, uy))) (dz®,du) = 0,  V(dz?, du).

Here we can calculate

4 (T u), B, ) (da, du)
= dl((2°,u), (2", u)) ((dz°, du), dE(2", v)(dz?, du))
id
= (0, 20 ). (o5 ) e oy

= ((idxxv, (22" w)") I'((2° w), B(2% w)), (d2°,du))xxv

= <(idX><U7 (dz<.’lﬁ0, ’LL))*) Fl('rO? u, xla y)a (d.’l? ) du)>X><U-
Therefore, if the adjoint (dX(x%, u))* is available, we can reduce the cost function I" down at
least to a local minimum by an iteration law

(€41 w) = (20, u@) = Ky (idxxw, (A8, u@))*) TG, v, 26 ¥0)  (3:12)

or, in the case 2 is fixed, by another one

Uiy = u@y — Ky (Oux,ide) (idx o, (A5(20), u@))*) T (@), ue, 26, Y6) (3.13)

with a small K > 0.

The results in Section 2, especially the relation (2.8), enable us to execute this procedure
without using the parameters of the original operator ¥, provided ¥ is a Hamiltonian system
Y. More precise discussion in the case of a special class of cost functions will be made in
the following subsection.

3.2 Iterative learning control

In this subsection, we consider the Hamiltonian system ¥ = ¥y in (2.3) and execute the
iterative learning procedure (3.12) with respect to a typical cost function. A typical problem
of iterative learning control is to produce an input u¢ letting the output y track a given
desired trajectory y?, that is, to reduce the cost function

I'(y) :/t (y(t) =y () Ty (y (1) — y'(1))dt (3.14)
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with a positive definite matrix I'y € R™*™. In this case, I in (3.11) is given by

I'(y) =2(0, 0, 0, Ty(y —y)) .

Hence the iteration law (3.13) reduces to
0 *
Wirr) = U@y + Koy (dS3 (ui) Ty (v — ya)-

The input-output mapping of the adjoint (d¥% (u@;)))* can be obtained by that of the original
operator Yy using (2.2) and (2.8).

Thus iterative learning control with respect to the cost function (3.14) can be executed.
Of course this procedure can be performed with any cost function T'(z° u,x!,y), provided
¥ = Yy as in (2.3) (under the circumstances in Remark 2.1). Here we formally adopt the
following assumptions according to Remark 2.1 in order to use the self-adjoint property (2.8).

Assumption A1 It is assumed that the desired trajectory z%(t) and input u¢(t) satisfy
O?H (z,u) _ O’H(z,u)

O(x,u)? |e=ed@—10) N O(z,u)? |a=edct
u=ud(t—t0) weud (£ 1)

, Vte %t

Procedure 3.1 Consider the Hamiltonian system (2.3) with a given desired trajectory x¢(t).
Suppose the assumptions in Theorem 2.1 and Assumption Al hold. Then the iterative
learning control law is given by

U2ir1) = Up)+R (/‘i(z‘)ry(yd - y(Zi))) (3.15)
U2iv2) = U + Ka) R (Yt — Ye@)) (3.16)
for i = 0,1,2,---. Here I', defines the cost function I' in (3.14) and T}, is the parameter

defined in Theorem 2.1. The parameters ;) > 0 € R and K > 0 € R™™ are small
enough design parameters. R denotes the time reversal operator defined in (2.9).

This result will provide a basis of a new iterative learning control for a class of physical
systems. Unfortunately, this iteration procedure only guarantees the convergence to a local
minimum of the cost function (3.14), that is, the convergence to an optimal input u¢ is not
ensured in general.

4 TIterative learning control of mechanical systems
A typical mechanical system can be described by a Hamiltonian system
: OH(q.pu) ™
q 0 I gqp
Sp p ~I -R, WT (4.17)
P
y _ 8H(8qq;p,u)T =g
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with the Hamiltonian

1 _
H(q,p,u) = Ho(q,p) —u"q= §pTM(q) 'p+V(g) —u'q

J/

-~

Ho(q,p)

where a positive definite matrix M(q) > 0 € R™*™ denotes the inertia matrix, a scalar
function V' (q) denotes the potential energy of the system and H, denotes the total physical
energy.

Unfortunately, however, this system does not satisfy the assumptions in Theorem 2.1 since
there does not exist the matrix 7}, satisfying the matching condition (2.4). The procedure
in the sequel enables the system to satisfy this condition approximately.

Typically, feedback controllers are employed to control the system (4.17) even when the
iterative learning control is applied, since it is marginally stable. This subsection discusses
feedback system design for iterative learning control. It was shown in [11] that a simple PD
feedback preserves the structure of the Hamiltonian system (4.17). Further discussions on
controller design preserving the structure of general Hamiltonian systems can be found in
[12, 4, 9]. Let us consider a PD controller

u=u—K,q—-K, ¢ (4.18)

where u is a new input and K,, K, > 0 € R™™ are symmetric positive definite matrices.
Applying a coordinate transformation

q=¢&q

with a positive constant € > 0 converts the system into another Hamiltonian system

. ] oH(gpa) T
(1) = () (2
P 1 —(R,+K,) 2D (4.19)
— ﬂ T _
y = - gy

with a new Hamiltonian
H(g ‘—lTM 7)"! Vieq i‘TK T—cU'q
(q,p,u) = 5P (eq) ' p+ (€Q)+2q ¢ q—cuq.

-~

Hop (qup)

Let us choose the parameter matrices in Theorem 2.1 as

T, — (é _0]) (4.20)

and check the matching condition (2.4). The former two equations hold straightforwardly

10



and the left and right hands of the last equation become

oM (q)"pT

) aHo(qp) K) ~1
0*H(q,p,u) : ( . S
gAGLEY M M@= 0
A(q,p, u)? % @)
_J 0 0
i 2 ( 9*Ho(g,p) K) oM@ T -1
T, 0\ &*H(gpa) (T,* 0\ ) ( a;;w(q)jp Vo 1
0 1) dgpuw? \ 0 I) L i ;
7 0 0

Hence, if the “P gain” K, is chosen large enough and the parameter ¢ is taken small enough
accordingly, then the relation

O#*H(gpu) (T, 0 \H(gpu) (T, 0
8(@7]97@)2 -~ 0 Tu a(@apaa)z 0 Tu

holds, that is, the assumption (2.4) in Theorem 2.1 is satisfied approximately. Note that

-1

the “D gain” K, should also be chosen large enough to let the matrix R, + K, which
describes the dissipation behavior of the system (4.19) in the coordinate (g, p), sufficiently
large compared with the matrix /e, which denotes the oscillation behavior. This should be
done for numerical stability of the iterative learning procedure. Here we adopt the following
assumptions corresponding to Assumption Al.

Assumption B1 It is assumed that the desired trajectory z¢(t) = (q%(t), p?(t)) satisfies

_ 9*Ho(q,p)
a(q’p)Q r=zd(tl —t) ’

azHO(qap)

vt e [t9, Y.
d(q,p)? .t

x=z4(t—1t0)
Assumption B2 PD gains K, and K, are large enough.

Remark 4.1 When the desired trajectory z%(t), t € [t°, ¢!
we can produce a desired trajectory fulfilling B1 by simply reproducing the same trajectory
in the time domain ¢ € [t!, 2t — 1] as

a0 ={ L,

The iterative learning procedure is given below on the assumptions B1 and B2.

| does not satisfy Assumption B1,

(1)
(2t — 0

t e[t ¢
—t) telth 2t -1

Procedure 4.1 Consider the mechanical Hamiltonian system (4.17) with the PD feedback
(4.18) and a prescribed desired trajectory q?(t).
Then the iterative learning control law is given by

Suppose Assumptions Bl and B2 hold.

U2ip1) = Uy + R (K z)Fy(q - q(2i)))

- (4.21)
U2ip2) = Ui+ Kiy R (qeiv) — 9ei)
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fori =0,1,2,---. Here I'y defines the cost function I" in (3.14). The parameters £ > 0 € R
and K > 0 € R™™ are small enough design parameters. R denotes the time reversal
operator defined in (2.9).

This iterative learning control scheme is very simple in the sense that it does not employ
any physical parameters of the target system. Compared with Arimoto’s method [1] which
is also simple, the proposed method is expected to be numerically more stable because our
approach does not employ time derivative of the output signal whereas Arimoto’s method
requires second order time derivative of ¢.

Furthermore, we can prove the convergence to the global minimum, i.e., the convergence to
the optimal input @, of this iteration procedure, though the general version of this procedure
given in Procedure 3.1 only guarantees the convergence to a local minimum.

Proposition 4.1 Consider the mechanical Hamiltonian system (4.17). Suppose Assump-
tions B1 and B2 hold and there exists a positive constant € satisfying

/i(i)K(i) > el > 0, Vi. (4.22)

Then, for any initial input 1y, the iterative learning control law (4.21) in Procedure 4.1
converges to an optimal input u°.

Proof. The variational system dE"}f of the mechanical Hamiltonian system (4.17) can be

described by .
(i) = G ) )+ ()
Yu = Qv

with appropriate matrices A;;’s. Let us now calculate the zero-dynamics of this system.
Take y, = 0. Then it follows that

0= gy = An1gy + Arapy = Asapy = M(q) " 'po.
Therefore we prove p, = 0 . Finally we obtain
0= pv = A21pv + AQQQ’U + Uy = Uy

This suggests that the variational system has no zero-dynamics. Therefore, the iteration law
(4.21) and the assumption (4.22) imply

U(2i) = U2i+2) =  q2i) — q°,

that is, the control law converges to an optimal input u¢. This completes the proof. O
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5

Conclusion

This paper has discussed the self-adjoint properties of the adjoints of the variational systems

of Hamiltonian control systems. A novel iterative learning control scheme has been proposed

based on these properties. This method does not require either the knowledge of physical

parameters of the target system nor the time derivatives of output signals. A concrete and

effective learning algorithm for mechanical systems is also derived.

References

1]

2]

[10]

S. Arimoto, S. Kawamura, and F. Miyazaki. Bettering operation of robotics. Journal
of Robotic Systems, 1(2):123-140, 1984.

P. E. Crouch and A. J. van der Schaft. Variational and Hamiltonian Control Systems,
volume 101 of Lecture Notes on Control and Information Science. Springer-Verlag,
Berlin, 1987.

K. Fujimoto and J. M. A. Scherpen. Eigenstructure of nonlinear Hankel operators. In
A. Isidori, F. Lamnabhi-Lagarrigue, and W. Respondek, editors, Nonlinear Control in
the Year 2000, volume 258 of Lecture Notes on Control and Information Science, pages
385-398. Springer-Verlag, Paris, 2000.

K. Fujimoto and T. Sugie. Canonical transformation and stabilization of generalized
Hamiltonian systems. Systems & Control Letters, 42(3):217-227, 2001.

K. Hamamoto and T. Sugie. An iterative learning control algorithm within prescribed
input-output subspaces. In Proc. IFAC World Congress, pages 501-506, 1999.

J. E. Marsden and T. S. Ratiu. Introduction to Mechanics and Symmetry, volume 17
of Texts in Applied Mathematics. Springer-Verlag, New York, second edition, 1999.

B. M. J. Maschke and A. J. van der Schaft. Port-controlled Hamiltonian systems:
modeling origins and system-theoretic properties. In IFAC Symp. Nonlinear Control
Systems, pages 282-288, 1992.

H. Nijmeijer and A. J. van der Schaft. Nonlinear Dynamical Control Systems. Springer-
Verlag, New York, 1990.

R. Ortega, A. J. van der Schaft, B. M. J. Maschke, and G. Escobar. Interconnection
and damping assignment passivity-based control of port-controlled hamiltonian systems.
Automatica, 38(4):585-596, 2002.

J. M. A. Scherpen and A. J. van der Schaft. Normalized coprime factorization and
balancing for unstable nonlinear systems. Int. J. Control, 60(6):1193-1222, 1994.

13



[11] A. J. van der Schaft. Stabilization of Hamiltonian systems. Nonl. An. Th. Math. Appl.,
10:1021-1035, 1986.

[12] A. J. van der Schaft. Ly-Gain and Passivity Techniques in Nonlinear Control. Springer-
Verlag, London, 2000.

[13] G. R. Walsh. Methods of Optimization. John Wiley & Sons, London, 1975.

[14] M. Yamakita and K. Furuta. Iterative generation of virtual reference for a manipulator.
Robotica, 9:71-80, 1991.

[15] L. C. Young. Lectures on the Calculus of Variations and Optimal Control Theory. W.
B. Saunders Company, Philadelphia, 1969.

14



