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Abstract

We give a definition of the zeros of an infinite-dimensional system with bounded
control and observation operators B and C respectively. The zeros are defined in terms
of the spectrum of an operator on an invariant subspace. These zeros are shown to be
exactly the invariant zeros of the system. For the case of SISO systems, where also the
range of B is not in the kernel of C, we show that this subspace exists and it is the
entire kernel of C. We calculate the operator K such that the spectrum of A + BK
on ker(C') is the system zeros, and show that A + BK generates a C,-semigroup on
ker(C). If the range of B is not in the kernel of C, a number of situations may occur,
depending on the nature of B and C.

1 Introduction

The importance of the poles of a transfer function to system dynamics are well-known. The
zeros are also important in controller design. For instance, the presence of right-hand-plane
zeros restricts the achievable sensitivity reduction. The presence of right-hand-plane zeros
also makes the use of an adaptive controller impractical in most situations. Furthermore, if
a zero is close to a pole, the system is close to being non-minimal and hence uncontrollable
and/or unobservable e.g. [6, sect. 2.5]. It is also difficult to obtain robust stability for these
systems [ibid,sect. 4.6].
For linear finite-dimensional systems

(t) = Az(t) + Bu(t), y(t) = Cx(t),

where x(t) € R" and A, B and C are matrices, the zero dynamics can be defined in a number
of equivalent ways. One of the most fundamental is in terms of an invariant subspace. A
subspace V' is invariant for a linear finite-dimensional system if for all initial conditions in
V' there exists a control that keeps the state in V' for all times. If this is the case, the
control can be a constant state feedback. e.g. [9]. The zero dynamics can be obtained by



considering the system on the largest feedback-invariant subspace Z contained in the kernel
of the observation operator. The system zeros are then analyzed by considering the spectrum
of the operator A + BK on Z where K is an operator such that Z is A + BK-invariant.
The dynamics are independent of the choice of K for which Z is A + BK-invariant. The
eigenvalues of A + BK on Z are identical to the invariant zeros.

This is not the case for infinite-dimensional systems. In fact, we do not even have a stan-
dard definition of zero dynamics valid for general infinite-dimensional systems. Generally,
the transmission zeros for infinite-dimensional systems are approximated by calculation of
the transmission zeros of a finite-dimensional approximation to the system. These calcu-
lated zeros are often very different from the exact zeros, even when the system poles are
approximated with good accuracy e.g. [3, 5]. Thus, it is useful to have a rigorous defi-
nition of the zeros of infinite-dimensional systems based on the state-space realization. A
large difficulty in studying zeros of infinite-dimensional systems however is that the largest
feedback-invariant subspace in the kernel of C' might not exist in the sense mentioned above.

In this paper we will only consider single-input single-output systems with bounded control
b € D(A) and bounded observation c. For control and observation b and ¢ respectively where
(b,c) # 0, we show that a largest feedback-invariant subspace exists and it is the entire
subspace ¢t := {z € X | (z,c) = 0}. We give an explicit representation of a feedback K for
which ¢t is A 4 bK-invariant. The spectrum of A 4 bK is identical to the invariant zeros
of the system. If (b,c) = 0, then the theory is quite different. If ¢t is A-invariant, then the
transfer function is identically 0. In the more interesting case where the transfer function
is non-trivial, a number of situations may occur, depending on the nature of b and c¢. We
obtain a characterization of the largest invariant subspace in a number of cases, and show
that it is contained in a proper subset of ¢*. In other cases a largest feedback-invariant
subspace may not exist. This is illustrated by an example of a delay system.

2 Definition of Zero Dynamics

We consider single-input single-output infinite-dimensional systems with bounded control
and observation. Let X be a Hilbert space with inner product (-,-) and norm || -||. Let A
be the infinitesimal generator of a Cy-semigroup 7'(t) on X. Let b and ¢ be elements of X.
Let U =Y = C and u(t) € U. We consider the following single-input single-output system
(A,b,c) in X:

(t) = Az(t) + bu(t) (2.1)

with the observation
y(t) = Cx(t) := (x(t), c). (2.2)

This paper extends the work in Byrnes et. al. [1], where zero dynamics are defined for
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(A, b, ¢) under the assumptions that
be D(A), ce D(A"), (byc)#0. (2.3)

In this paper we will remove the restriction ¢ € D(A*), and also examine the case where
(b, ¢) = 0. Our standing assumptions throughout the paper are:

(A1) Ais an infinitesimal generator of a Cy-semigroup on the Hilbert space X.
(A2) ce X.
(A3) be D(A).

The input/output map is

y(t) =< /Ot T(t—o)bu(o) do,c > . (2.4)

Defining ¢g(t) = (T'(t)b, ¢), the output is simply the convolution of ¢(t) and w(t). Taking the
Laplace transform on both sides of equation (2.4) gives

y(s) = G(s)u(s), (2.5)
where G(s) = ((sI — A)™'b, ¢) is the system transfer function.
Definition 2.1. The transmission zeros of (2.1), (2.2) is the set of all z such that G(z) =

Definition 2.2. The invariant zeros of (2.1), (2.2) are the set of all X such that

M—-A b x| |0
C O0Jlul [0
has a solution for u € U and non-zero x € D(A).

It is not difficult to show that every transmission zero is an invariant zero. Also, any
invariant zero in p(A) is a transmission zero. Invariant zeros have the same relation to
transmission zeros as the system eigenvalues have to the transfer function poles.

Following are the definitions of invariance that we use here to define zero dynamics. Note
that we only consider closed invariant subspaces. Even though the input and output for this
system are bounded, for a complete theory we need to consider unbounded feedbacks. We
say that a feedback operator K is A-bounded if K € B(D(A),U), where D(A) is the domain
of A. We point out here that if K is A-bounded, there is no guarantee that A + bK is the
generator of a Cy-semigroup, where D(A+bK) = D(A) and (A+bK)x = Ax+b(Kz) € X.

Definition 2.3. A closed subspace Z of X is feedback invariant if there exists an A-bounded
feedback K such that (A4 0K)(Z N D(A)) C Z.



Theorem 2.1. [11, Thm.I1.26] A closed subspace Z is feedback-invariant if and only if it is
(A, b)-invariant, that is,
A(ZN D(A)) C Z + span{b}.

Definition 2.4. A closed subspace Z of X is closed-loop invariant if there exists an A-
bounded feedback K such that (A + 0K)(Z N D(A)) C Z, and A + bK generates a Cy
semaigroup Tk on Z.

Definition 2.5. A closed subspace Z of X is open loop invariant if for every x(0) € Z, there
exists a u(-) € Lo([0,00),U), such that the solution x(t) € Z for all t > 0.

Closed-loop invariance implies feedback invariance, but the converse statement is not al-
ways true [11]. Under certain conditions, some types of invariance are equivalent. For
instance, if the feedback is in fact bounded, then open-loop (with the control restricted
to continuous functions) and closed-loop invariance are equivalent [11, Thm. I1.27], as is
feedback invariance.

We now define zero dynamics.

Definition 2.6. Suppose Z is the largest closed feedback-invariant subspace contained in c*,
and let K be such that Z is A + bK -invariant. If such a Z and K exist, the zero dynamics
of (A,b,¢) is A+ bK|z. We write this as (Z, A+ bK).

The operator K is not specified as unique in the above theorem. However, if b ¢ Z, and
there are two operators K; and K that are both (A, b)-invariant on Z, then b(Kjx—Kyz) € Z
and so K1z = Kz for all x € Z.

Theorem 2.2. If Z C ¢t is feedback-invariant and b € Z then the system transfer function
15 tdentically zero.

Proof: Since Z is feedback-invariant,
A(ZND(A)) C Z+R(b) C Z.

This implies that A is Z-invariant. This fact together with b € Z implies that every z € Z
can be written z = (sI — A){(s) where {(s) € D(A)N Z [11, Lem. 11.18], and s € [r,o0) for
some r € R. We obtain that (sI — A)™'b € Z for all s € [r,00). Since Z C c*, the system
transfer function G(s) is identically zero. O

Thus, we may assume that if Z is a feedback-invariant subspace in ¢, then b ¢ Z and also
that the feedback K is unique on Z.

Theorem 2.3. The set of eigenvalues of the zero dynamics (if they exist) is the set of
invariant zeros of the system.

Proof: Indicate the largest feedback-invariant subspace in ¢+ by Z and let K be a suitable
feedback. As shown above, we may assume b ¢ Z and that K|z is unique. Choose a
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decomposition for X = X; & X5 where Z = X; and b € X,. Let P indicate the projection
onto Xy. Any x € X can be written as x1+z5, where 1 = (I —P)x € X; and 25 = Pz € X,.
Then, A can be decomposed as
Ay A }
A= , 2.6
{ Ay Agp (2:6)

where
A11 - (I - P)A|X1, A12 — ([ - P)A’XQ, A21 — PA|X1, A22 — P14|X2 (27)

Since Z C c¢*, and b € X5, the system can be written

AR b | G
y(t) = (xa,0).

ertlng K= [Kl KQ],

i 1 _ Ay Ao 1
dt i) A21 + bKl A22 + bK1 To '
Since X; is A + bK-invariant,
A21£L'1 = —bKll’l (28)

for all 1 € X;. Since K5 does not affect the action of A + bK on Z, we set Ky = 0. Note
that Ay = (A+ bK)|z.

Suppose that A is an eigenvalue of (A + bK)|z = Ay; with eigenvector z; € D(A) N Z.
Setting x = x1, u = —Kx; we see that \ is also an invariant zero.

We now show that every invariant zero is an eigenvalue of (A + bK)|z = Ay;. Write

I CAry | A

c 0 c 0 K I

Thus, if A is an invariant zero of (A, b, ¢) then it is an invariant zero of (A 4+ bK, b, c¢). Using
the decomposition X = X; & X5, with this choice of K

M—-A—-bK b2
= 2.1
T e 210
becomes
M — All —A12 0 [ To1 0
0 M — A22 b o2 = 0 (211)
0 c 0 | U 0



where not both of x,1, 2,2 are zero. Thus, z, € ¢ and

A{%l]:)\[%1]—1—[2}(—1(%—1—%).

To2 Lo2

This implies that span|z,, 22| is in an (A, b)-invariant subspace. Since Z is the largest (A, b)
subspace in ¢, T, = 0, and so x,; # 0. This implies that z,, is an eigenvalue of A;; with
eigenvector . O

3 The case (b,c) #0

As in [1], for x € X we define the projection

pr = {89, (3.1)

Theorem 3.1. If (b,c) # 0 then the zero dynamics for (A,b,c) exist, and is (ct, A + bK),
where
<A(I — P)ZL’, C)

(b, c)

Furthermore, A+ bK generates a C,-semigroup on ¢t and so ¢

Ky =—

L is closed-loop invariant.

Proof: Let X; = ¢t and X, = span{b}. Any z € X can be written as x; ® x,, where
1= (I — P)z € X; and x9 = Pz € X5. Writing X as X; & X5, A can be decomposed as
(2.6, 2.7).

In this decomposition b = [0,b]*. Letting K1 = K(I — P) and Ky = K P,

All A12

A+bK = .
Ao + 0K, Az + bK,

Noting that
(Axq,c)

A21x1:b (b,c> ,

we choose 4 > (A(I - P)a.o)
x1,cC — P)x,c
K = K _ — —_ —
1= A (b, ) b, c)

with domain D(K) = D(A). The choice of K5 is arbitrary, so we let K5 = 0. Then

(3.2)

A+bK = [A“ A }

0 Ay

and it is clear that (A + bK)(X; N D(A)) C X;. Also, for x; € X3, (A+ bK)xy = Ay It
remains to show that (A + bK) generates a Cy semigroup on Xj.
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Since b € D(A) and K is rank one and A-bounded A + bK generates a C semigroup on
X [8, Thm. 1(c)], S(t).

We need to show that X is invariant under S(¢). This does not follow immediately from
the invariance of X; under A+ bK. If we can show that for any A € p(A+ bK) the image of
X, under (A — (A + bK)) is all of X1, then X, is e**9) invariant [11, Lem. 1.4]. We can
write (A — (A + bK))x as

i)

Since the image of Xy under A;s is span{(/ — P)Ab}, and the range of (A — (A + bK)) is all
of X, we see that the image of X; under A — (A + bK) contains X; © span{(/ — P)Ab}. To
show that the image of X; under A — (A + bK) also contains span{(I — P)Ab}, note that
there must be x; and x5 which solve

0
) [ (r- %ﬁ’;?)b]

Writing x5 as ab for some scalar «, we see that the bottom row of this matrix equation is
oy baly bl
(b, c) (b, c)

which implies that x5 = b. Plugging this into the first row of the matrix equation, we obtain
that

SRS

(A — Ap)z — (I — P)Ab = 0.

This shows that the image of X; under A — (A +bK) contains span{(/ — P)Ab}. Hence, S(t)
is a Cy semigroup on Xj. O

4  The case (b,c) =0

In addition to (b, c) = 0, we assume that ¢ € D(A*) and (b, A*c) # 0. If A*c € span{c} then
A is ct-invariant. Since b € ¢*, the same argument in the proof of Theorem 2.2 implies that
the transfer function is identically zero. We therefore also assume that A*c ¢ span{c}.

Theorem 4.1. Suppose that (b,c) =0, ¢ € D(A*), A*c & span{c} and (b, A*c) # 0. Then
the zero dynamics for (A, b, c) exist. The zero dynamics are ((c)* N (A*c)t, A+ bK) with

(A(I —Q)(I — P)z, (I — P)A*c)

Kz =—
. (b, A*c) ’
where for v € X and z; € (c)*,
Px = (. 62>c
]l
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and
(1, (I — P)A*c)

(b, A*c)

Proof: Let X; = ¢t and X, = span{c}. Any z € X can be written as x; + x5, where
1= — P)xr € Xj and 9 = Pr € X,. Writing X as X; @ Xs, A can be written as (2.6,
2.7). In this decomposition b = [b, 0]7, since b € X;. Letting K; = K(I — P) and Ky = K P,

All + bKl A12 + bK2
A21 A22

If a subspace Z € X is to satisfy (A + bK)(Z N D(A)) C Z, we see that Az = 0 for
any z € D(A) N Z. This condition is equivalent to (Az,¢) = 0. Since ¢ € D(A*), any
(A+bK)-invariant subspace Z C ctN(A*c)t. For 2 € ZND(A), (A+bK)z = (A +bK))z.
Define

Qxl = b.

A+DK =

7 =ctn(A%e)t (4.1)
and decompose ¢ into X; @ X, where X; = (I — Q)¢ and Xy, = Qc'. In particular,
X1 =7 and b € X,. Since A*c ¢ span{c}, we can apply Theorem 3.1 on ¢t with ¢ replaced
by (I — P)A*c, A replaced by Aj; and P replaced by (. The feedback used to obtain the

zero dynamics is

<A11(I — Q)[L‘l, (I — P)A*C>

Ko == (b, A*c)
(A(I — Q)(I — P)x,(I — P)A*c)
a (b, A*c) '
The arguments in Theorem 3.1 can be used to show that the zero dynamics for (A, b, c) in
this case are (Z, A+ bK). O

The following example illustrates that if (b,c) = 0 the zero dynamics as defined in Defn.
2.6 might not exist.

Example: The following example of a controlled delay equation first appeared in [7].
[El(t) = [L’g(t) — Qfg(t — 1)
Ba(t) = u(t) (4.2)
yt) = ().

The system of equations (4.2) can be written in the standard state-space form (2.1, 2.2) as
follows. Choose the state-space

X = R? x Ly(—1,0) x Ly(—1,0).
and define the closed operator A on X
$2(0) — d2(—1)
0
h
03}

A(T’1,7’27¢1>¢2> =



with domain

D(A) = {(7“1,7’2,(b1,¢2),(b1(0) = Tl,(bQ(O) = TQ,(bl € Hl(_170),¢2 S Hl(—l,())} .

Also define

o = O

, c=[1000].
0

In this example we have that < b,c >=0, b ¢ D(A) and ¢ ¢ D(A*).
We will show that there does not exist a largest feedback-invariant subspace Z C c*.
Define the set of elements

er = € D(A)Nct.
exp(2mikt)
The subspace span{ey} is (A, b)-invariant and hence feedback invariant. Define
Vi = span_,, ;<€
Each subspace V,, is feedback invariant. Define also the union of all finite linear combinations

V=V

The space V is not closed. If there is a largest feedback-invariant subspace Z in c¢*, then
Z D V. The important point now is that although b ¢ V, b€ V.
Since b cannot be contained in any feedback invariant subspace (Thm. 2.2), V is not

of €L,

feedback-invariant. Hence no largest feedback-invariant subspace exists.
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