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Abstract

This paper studies the problem of disturbance attenuation with internal stability via output feedback
for a family of nonlinear systems. Using a feedback domination design which substantially differs from the
separation principle, we explicitly construct a dynamic output compensator attenuating the disturbance’s
effect on the output to an arbitrary degree of accuracy in the Lo-gain sense, and achieving global
asymptotic stability in the absence of disturbance.

1 Introduction and Discussion

In this paper we consider a class of single-input single-output uncertain nonlinear systems described by
equations of the form

z = folt,z,y) + got, z, y)w
i'l — x2+f1(t7zax7u)+gl(t727$7u)w
j:n—l - In+fn—1(t)z7xvu)+gn—1(t7271"7u)w
Tn = u+ folt,z,x,u) + gn(t, z,x,u)w
y = n1 (1.1)

where (z,2) € R™ x IR" is the system state, u € R, y € IR and w € R® are the system input, output
and disturbance, respectively. The functions fp : R®2 — R™ and go : R™"? — R™® are C! with
fo(t,0,0) = 0 Vt, while f; : R*™*2 - R and g; : R*™*2 — RS are C° uncertain functions, with
fi(t,0,0,0) =0 Vt, fori=1,--,n.

The purpose of this paper is to investigate the problem of achieving an arbitrary small level of distur-
bance attenuation in the sense of Lo-gain, via output feedback, for a class of nonlinear systems (1.1) under
appropriate conditions.

The disturbance attenuation problem of this kind has attracted considerable attention since the original
work [12], and there are many interesting results available in the literature. For nonlinear systems, the
problem was first studied in [8], a solution was given in terms of the Ly, induced norm from the disturbance
inputs to the outputs. However, an important issue—internal stability—was not considered in the paper
[8]. The stability issue was addressed later in [9], where a recursive design technique based on adding
an integrator was proposed, resulting in a solution to the global disturbance attenuation problem with
internal stability, for a class of nonlinear systems in a triangular form, i.e., fi(¢,z,2z,u) = fi(z,21, -, ;)
and g;(t, z,z,u) = gi(z,x1,---,x;) in (1.1). The disturbance attenuation result obtained in [9] was later
extended to a larger class of minimum-phase and nonminimum-phase nonlinear systems [4, 2, 3]. Re-
cently, global inverse La-gain design for nonlinear triangular systems was presented in [3], achieving global
disturbance attenuation together with local optimality.
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Most of the results reviewed so far have been obtained based on the assumption that the system state,
ie. (z,21, - +,xy,) in (1.1), is available for feedback design. In the case when only the output information is
measurable, fewer results exist in the literature, which are devoted to the disturbance attenuation problem
by output feedback. One of them is the paper [10], where a polynomial gain disturbance attenuation property
with global stability was achieved by output feedback, for a class of nonlinear systems in the so-called output
feedback form, i.e., the system’s nonlinearities depend on the output only. In the work [5], the problem
of disturbance attenuation characterized in terms of a nonlinear gain was considered for a subclass of
nonlinear systems (1.1) in which f;(¢, z,x,u) = fi(z,y) and g¢;(t, z, z, u) = g;(2,y). The problem was solved
by using the concept of input to state stability (ISS) and the ISS Lyapunov function, together with the
adding an integrator design. There is also an interesting result [1] devoted to the same subject but for a
different class of nonlinear systems which can depend on the output nonlinearly but must be linear in the
unmeasurable states.

In this paper we shall pursue a line of the work started in [1, 10, 5]. Our objective is to find, if possible,
a linear output feedback controller of the form

§€ = Mé+Ny, MeR™, NeR"
— K¢, K € R (1.2)

such that

i) when w = 0, the closed-loop system (1.1)-(1.2) is globally asymptotically stable at the equilibrium
(z,2,&) = (0,0,0), uniformly in ¢;

ii) for every disturbance w(t) € Lo and given real number v > 0, the response of the closed-loop system
(1.1)-(1.2) starting from the origin is such that

t t
| wmrar <+ [l ez, (1.3

To solve the disturbance attenuation problem by output feedback, we make the following assumptions
throughout this paper.

H1) There exist a C! Lyapunov function Up(t,z), class Ku-functions 3(-),3(-) and positive constants
ao, by, co, satisfying

Blzl) < Uolt,z) < B(lI=l])
Up(t,z) < —aOHzHQ—i-bon—FconHQ,

H2) |fi(t,z,x,u)| < c(||z|]| + |x1| + - + |z4]), Vi=1,---,n, where ¢ > 0 is a known constant;
H3) ||gi(t,z,z,u)|| < G, Yi=1,---,n, where G > 0 is a known constant.

Remark 1.1 If one treats (y,w) as an input and z a state of the z-subsystem of (1.1), the assumption
H1) implies that the z—subsystem is input to state stable (ISS) and Uy(¢, z) is an ISS Lyapunov function
for the z-subsystem of (1.1) [11]. A condition similar to H1) has also been used in [2, 5]. The assumption
H2) requires basically the entire family of uncertain nonlinear systems (1.1) are dominated by a triangular
system satisfying linear growth conditions.

It should be pointed out that the systems (1.1) characterized by the conditions H1)-H3) represent an
important class of uncertain nonlinear systems that are not covered by the work [1, 10, 5]. Indeed, it is



not difficult to see that the system below

;o= =24 2By +w)
Ty = x2+ln(1+22)
To = T3+ xosinxy + wcosxy
T3 = u
y = x1 (1.4)

does satisfy H1)-H3) but does not belong to the class of nonlinear systems considered in [1, 10, 5]. As a such,
global disturbance attenuation with stability does not seem to be solvable by any existing output feedback
control scheme. When the system involves uncertainties, the problem becomes even more challenging, as
illustrated by the following example.

3 = —2B4zy+w
1 1
1 = w9+ 122 +di(t)xysinz + 5(1 + cos(zaz))w
1
Ty = u+d2(t)§ln(1 + z3)
y = 1 (1.5)

where |di(t)] < 1 and |da(t)| < 1 are unknown continuous functions whose bounds are known. For this
system, when d;(t) = d2(t) = 0, disturbance attenuation with global stability can be easily achieved by
output feedback. However, the problem cannot be solved by existing output feedback control schemes
including those in [1, 10, 5] in the presence of uncertain functions d;(t) and da(t). Nevertheless, it is
solvable by the approach proposed in Section 2.

Inspired by the recent work [6, 7], we shall present in the next section a feedback domination design
method which provides a systematic procedure for the construction of linear dynamic output compensators
(1.2) for a class of nonlinear systems (1.1), achieving global disturbance attenuation with internal stability.
The novelty of our output feedback control scheme is in the explicit design of a dynamic compensator that
is mot based on the separation principle. Instead of constructing the observer and controller separately,
we design a high-gain linear observer and a controller simultaneously. This is substantially different from
most of the existing works where the designed observer itself can asymptotically recover the state of the
controlled plant, regardless of the design of the controller, i.e., the controller design is independent of the
observer design—known as the separation principle.

2 Output Feedback Design — A Non-Separation Principle Paradigm

In this section, we prove that the problem of global disturbance attenuation with internal stability can be
solved by output feedback, for a class of nonlinear systems (1.1) under the assumptions H1)—H3). This
will be accomplished by explicitly constructing a dynamic output compensator, via a feedback domination
design method that is motivated by the technique of adding a power integrator [6, 7]. The main result of
this paper is the following theorem.

Theorem 2.1 Under the conditions H1), H2) and H3), there is a dynamic output compensator of the
form (1.2), such that the closed-loop system (1.1)—(1.2) is uniformly globally asymptotically stable when
w = 0 and achieves global disturbance attenuation in the sense of Lo-gain, i.e., in the sense of (1.3).

Proof. The proof consists of three steps. First, we design a reduced-order, linear high-gain observer for
partial-states (x1,---, ), without involving the system nonlinearities f;(t,z,z,u) and g;(¢,z,z,u), ¢ =
1,---,n, which are unknown and not available for the observer design. By doing so, the resulted error



dynamics contains some extra terms that prevent convergence of the observer. We then construct a set
of dummy output controllers step-by-step, to eliminate the extra terms arising in the error dynamics.
Finally, we obtain a dynamic output compensator as well as a differential dissipation inequality, rendering
the closed-loop system globally asymptotically stable at the origin when w = 0, and attenuating the effect
of the disturbance on the output to an arbitrary degree of accuracy in the presence of w.

We begin by designing the following reduced-order, linear high-gain observer

r, = .%2 + Lal(ml — fl)
2y = @3+ Llaz(z1 — 1)
Tpno1 = @n+L" an_1(z1 — 1)
in = u-+ L"a,(x1 — #1) (2.1)
for the partial-states (z1,---,x,) of (1.1), where L > 1 is a constant gain to be determined later, and
a; >0, j=1,---,n, are coefficients of the Hurwitz polynomial p(s) = s" + ars" N+ an_15 + an.
Define ¢; = %=1, i =1,---,n. A direct calculation yields
filt,z,z u) + g1(t, 2, 2, u)w
l(f?(t: Z,T, ’LL) + gZ(ta Z,Z, u)w)
e=LAe+ | F : (2.2)
ﬁ(fn(ta Zy T, U) + gn(tv 2y T, u)w)
where
€1 —aq 1 0
€9 :
—ap1 0 -+ 1
En —a, 0 -+ 0

Since A is a Hurwitz matrix, there is a positive definite symmetric matrix P = PT > 0 such that
ATP 4+ PA= 1.

Consider the Lyapunov function Vy(t, z,e) = Up(t, 2) + (n + 2)e? Pe. Using the assumption H2), it is
easy to show the existence of a real constant ¢; > 0 (independent of L), such that

filt, z,x,u) + g1(t, 2, ¢, u)w
fa(t,z,z,u) g2(t,z,x,u)w
L + L

Vo < —aollz|]* + boy® + col|w]]? — (n+ 2)L||e||® + 2(n + 2)eT P
fn(lwlf;lzlalr,u) + gn(tl,li,ic,lu)w
< — 2 4 bov? 2 _ NLlell? 1 L
< —aol 2l + boy? + col wl> = (n+ DLIel + exllel (11211 + o] + Tlaal + -+ T ol

T
g2(t, z, T, u)w gn(t, z, T, u)w
+2(n+2)el'P [gl (t, 2z, x,u)w, 7 oy T o (2.3)
By H3) and the fact that L > 1, there is a constant ¢y > 0 (independent of L) satisfying
T
g2(t, z, z,u)w gn(t, z, z,u)w _
2(n+2)el' P g1 (t, 2, z,u)w, 7 y e, T <lel|* + ol|w||?. (2.4)

Substituting (2.4) into (2.3), we have

. 1 1 R
Vo < ~aoll2| + boy? = (n+ 2L = Dlel? + exllel] (Hzll + o] + Floal + -+ + gl ) + collw P (2:5)
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where ¢y := ¢y + ¢g does not depend on L.
Recall 2; = &; + L' l¢;. It is easy to see that

1 1
eslell (121 + a1l + Fleal 4+ gl
N L
< clll] (21 + 211+ lex + -+ Toglind + el

. 1, 1 .
< cullalliel] + Vel + callel] ([l + 7 Jaal + -+ + Faglaal)

2
a 2 Cl n 2 1,\2 1 ~9 1 ~2
S?HZ” +<2ao+\/’ﬁcl+201> ||5|| + <2$1+2L2$2++2L2n2 n

The last inequality is due to the fact that

1 A2
2Lzz 2 Li-

c2 . 1
ci|lz|[lel] < H 1+ 1 H 1%, |lel]|2:| S§H€H2+

1
Li-1
Putting (2.5) and (2.6) together, we have,

2
. CO R a() 7
Vo o~ olul? < —2||zr|2+boy2—<<n+2>L—20—f01—261—1> el

1 1 1 . éo
+Cl<2l‘1+ TP R S i) by = <b0+fy2>.

<2
Initial Step: Construct the Lyapunov function Vi(¢, z,¢,21) = Vo(t, z,€) + % Then,

. ¢ . a N c2 n
Vit St —aallul? < —;r|z|12+boy2—(<n+2>L—2l—<\/ﬁ+2>q—1 el

ao
1 1 1
+c1 2$1+ 572 2+- 2L2” 5 n + &1(&2 + Laer)
2
Choosing L > 2 (2%10 + (Vn+ 5)er + 1) gives
. Co R
V1+$y2—00|!w|!2 < HZH2+boy —(n+ )L||<€H2 2 2t

I o 1 L,
+cp 577 B+ STEn= 52 n + T1Zo + Lalml + 551
Define £, = @2 — @5 with 23 being the virtual control. Thus,

1 1A*2
272 2_L2§2+L2 2

This, together with the fact that L > ¢; and ||¢]|?> > &2, implies

. C . 1\ . 1 1 .
Vit ot —aollwll? < =R+ b = (e DI + 2 (50t + 5 ) 8+ 0758 + ea

1, 1
+c1 —2L4az3+' o[22 5 32 ) 4 21& + B3
Clearly, the virtual controller

1 1
&5 = —Lb 21, by =n+1+ ia% + 2 which is independent of L,

(2.7)

(2.8)

*2



is such that

. o X ag ) A
Vit gy —allul < —EHZH”bof—<n+1>LHeH?—<<n+1>L—clb%>x%

C1 1 1
+§§§ +c (2L4IE3 + - 2L2” ) n) + z1&9.

~ 2
Note that ||e]|? + 23 > 2y%. By letting L > max {2bg, 2 (20710 +(Vn+5)er + 1)}, we have

: €o A ap . cl 1
Vit 5y = ollul < = FIJel° = nLlel’ - (0L — eabd)at + 756 + (3

Inductive Step: Suppose at step k, there exist a set of virtual controllers #7,---, %}, defined by

] =0, & =21 — 2] and

.f;k:—Lbiflfifl, &=, — a7 1=2,---,k+1,

79

. 1
:L'%—F"'"i‘w n)+1’1§2

with b; > 0 being independent of the gain constant L, and a smooth Lyapunov function Vi (¢, z,&,&1, -+, &)
of the form

k 52
Vk(tvz767£17"'7§k) ‘/b(tZE +22L2] 1)
such that
aq k 1
Vot S —aollwll? < IR = 0+ 1= LI = Y. g (0 + 1= WL = i) &
j=1
1 1 c1 1
+c1 <2L2k+2xz+2 ot s 2»”331) + ﬁfgﬂ + mﬁkﬁkﬂ- (2.9)
Now construct the Lyapunov function
Vk—i—l(t? Z,&, 517 o 7§k+1) = Vk(t) Z,E&, 517 T 7€k) + ﬁ£z+l7 €k+1 = fik—i-l - ‘%24»1‘
Since
ot = Bpe1 + Lbpdy + L2bpbp_18p—1 + -+ + LFbpbp_y - - b1 1,
it is clear that
d (1 1 A b oog :
- (2L2k gzﬂ) = bk <$k+2 + L"aj 161 + Ly, Z %(xi—ﬂ + Llai51)>
1 .
= TarSk+l <ﬂik+2 + L ag e + ZLk g by(Eipr — Lbe + Lzaigl))
=1

1 .

where dy, - - -, di+1 are suitable constants independent of gain L.
With (2.9) and (2.10) in mind, one has

. Co )
Vi1 + ?yQ — o |wl|?

k
ag 1 c1 c1 .
< —?Hz‘|2 —(n+1—k)L|e|* - Z ] ((n +1—-k)L— C1bj2~) sz + 7[/2’”25]%” + L2k+2xz%r?
i=1
1 . 1 . 1 c1 1 1 .
o (2 T2hid Tyt topm %> + pmEa bkt o S+ TSkl + T liaifhe
do d1 da d dy di+1
+£k‘+1 <Lk_1 €1+ 161 + k£2 + - L2k 35’6 1+ LQk_2 gk; + L2]:__1£]€+1) . (211)



By construction, L > ¢;. Hence

C1 1
ﬁfgﬂ < m&%—i—l' (2.12)

Using the completion of square, it is straightforward to show that

do 1 L di +1 (dk + 1)2
—L|lel]* + kaﬂ& < Wdﬁéiﬂ, _L%,Qf]% + 122 Sk+18k < ngﬂ (2.13)
L d; d? .
_LQZ'_Q 57,2 + Lk+zi—2 §k+l£i < Wﬁc_légﬁ-l? L= 17 ) k—1. (214)
Substituting (2.12)-(2.14) into (2.11) yields,

. k
y € 2 . 2 ! 2 2 1 2\ (2 C1 42
Vk+1+?y — Collwl|* < —?HZH — (n—k)Le|| _jzngj_g(("—k)L—Clbj> & +Wfk+2

1 1 ~2 1 ~2 1 Ak
+ﬁ5k+lfk+2 o Sparra@ies T+ graemadtn ) T ﬁ€k+1$k+2

2 2 2 2 2
C1 ~x ékl d0+d1++dk71+(dk+1)
+L2k+2 $ki2 + LQ]:r_l 4 + dk+1 +1 (215)
Then, it follows from the inequality above that
o d2 d2 d2_ dr +1 2
Tpyo = —Lbpp1&ey1,  betr :n—k:—|-ZO+Zl+---+ k41 + (i 1 ) + dey1 +1
with b1 being independent of L, renders
. Co o 2 ao 2 2 - 2\ (2
Vir + S50 = aollwl < = lel— (1= W)L = 3 g (0= W)L = ) €
j=1

1. L c1 1
+c1 <2L2’f+4x%+3 +--- 4+ 2L2"—2$3‘> + W&%H + ﬁ§k+1§k+2(2-16)

Using the inductive argument above, we concludes that at the n — th step, there are constants
b1,ba, -« -, by, all independent of the gain L, such that the linear controller

u=—Lby&, = —Lbn(.f}n + Lbnfl(infl + -+ Lbz(i'Q + Lblil) - '), (2.17)
(where & = ; + Lb;—1&;—1,1 = 2,--+,n) renders

‘ o 9 2 ag 2 2 2\ 2 (L_Clbz—l) 2 L
Voot 250 = ollul | < =2l = Ll = (2 — ) & =+ = ST - st (219)

where V,,(t, z,¢,&1, -+, &) = Vo(t, z,€)+> 0 QLQ(%UQQ Clearly, by construction and H1), V,, (¢, z,&,&1, -+ -, &)
is positive definite and proper.

Let L > L* = max{% +(vVn+5)er+1, 2bo, c1b?,---, c1b2_,}. As a consequence, the right-hand side
of inequality (2.18) is negative definite. Therefore, the equilibrium of the closed-loop system is uniformly
globally asymptotically stable when w = 0.

Moreover, observe that V,,(¢,0,---,0) = 0,Vt and V,,(¢, z,&,&1,--+,&,) > 0. Then, it is deduced from
the dissipation inequality (2.18) that

[loryzar <52 [Nw)Par, 920, when (:(0),2(0,50)) = 0,0.0. ¥
0 0

This completes the proof of Theorem 2.1.



Remark 2.2 When (-) and () are quadratic functions, Theorem 2.1 includes Corollary 2 of [5] as a
special case. However, the class of nonlinear systems considered in this paper is much more general than
the one in [5].

Remark 2.3 From the design procedure above, one may notice that the observer gain L and controller
gains b;,i = 1,---,n, cannot be small numbers. Therefore, the dynamic output compensator proposed in
this paper is a high-gain controller. This may be a drawback for a practical implementation or application.

Without much effort, one can prove the following result which is an extension of Theorem 2.1.

Corollary 2.4 If H1) and H2) in Theorem 2.1 are replaced by the following conditions:

A1) There exist a C* ISS Lyapunov function Up(t, ), class Koo-functions 3(-), 8(-), and class K function
a(+), and positive constants by, ¢, such that

g Uo(t, 2) < B(ll=I)
Uo(t,z) < —a(llzl]) + boy® + collwl[?,

=*
i
A

A2) |fi(t,z,z,u)|] < c(a?(||2]]) + |z1| + - 4 |x4]), Vi =1,---,n, where ¢ > 0 is a known constant,

then the Ls-gain disturbance attenuation problem with global asymptotically stability is still solvable by
output feedback under A1), A2), H3).

The proof of this corollary can be carried out by using an argument similar to the proof of Theorem
2.1 and is therefore omitted for the sake of space.
Remark 2.5 Corollary 2.4 indicates that the condition H1) of Theorem 2.1 can be relaxed, i.e., —al|z||?
in H1) can be replaced by any K, function —a(]|z||) (e.g. a(||z||) = 2*, which is indeed the case when
considering a nonlinear system like (1.5)). As a trade off, H2) must be, however, replaced by a stronger
growth condition such as A2), in which f;(-), i = 1,-- -, n, are dominated by «!/2(||z||) and a linear growth
function (|x1|+ -+ + |x4]).

We conclude this section with a simple example which illustrates an interesting application of Corollary
2.4. In particular, we demonstrate how to design a dynamic output controller explicitly, achieving global
disturbance attenuation with internal stability for the uncertain nonlinear system (1.5).

Obviously, system (1.5) fails to satisfy H1) and H2) of Theorem 2.1 but does satisfy A1), A2), H3) of
Corollary 2.4, with Up(z) = %,a(HzH) = %,bg =c9 = 1,G = 1. By Corollary 2.4, the problem of global
disturbance attenuation is solvable by output feedback. Indeed, an output feedback control law that solves
the problem can be constructed step by step, as shown below.

First, design a high-gain observer of the form

xrT = i’g + L(l‘l - .@1)
i’g = u-+ L2(l'1 — :i‘l) (2.19)
where .
-1 1 1 —=
_ — 2
ST Ry

are such that



The error dynamic is given by

1 1

é1 = ey —Lep + 12’2 + dy(t)zsinz + 5(1 + cos(z2z))w

. 2 1 4

t9 = —L%ase; + d2(t)§ In(1 + x3)

Let E1 = €1 =21 —Ci’l,{-fg = % = L2-T2 IQ . Then
. 1, . 1
€1 = Leg—Lei+ ZZ +di(t)xrysinz + 5(1 + cos(z22))w
dy(t) 3 In(1 + 24

gy = —Lep+ 2(0)3 IL( ) (2.20)

Consider the Lyapunov function Vo(z,e) = Up(z) + 4¢” Pe. TIts derivative along the trajectories of
(1.5)~(2.20) is
.9 24 9 ) @2 22
Vo + —y* — w? <_Z 14+ = ) y? — (4L — 40 — 16v2)||e 2 + 16 [ 2L + 2
ok 72
where v > 0 is a given real number.
Next we define 2
Vi = Vo+f Ty = —4Li, §2 = &g — 35,
and choose the observer gain

18
L > max{80 + 322, 2+ —}.
gl

A simple calculation gives

y 9 4 2 zt 2 52
Vi—i—?y — 9w §—Z_2LH€H —(2L—256) —|—7+ 1&0.

At the last step, let Vo = V1 + Then, it is easy to show that

u=—(6+ )Lk

2L2

leads to .
) 9 z . 1
Vo + ?yQ —9uw? < -5 - Llle|]? = (L — 256)22 — Zgg.

From the dissipation inequality above, it is concluded that the output feedback controller

125
—(6+ )L + 4L) (2.21)
with (2.19) solves the problem of global disturbance attenuation for the uncertain nonlinear system (1.5).

Note that the gain L in (2.19)—(2.21) can be any positive constant satisfying L > L* = max{256, 80 +
32v2, 2+ 13}
¥

3 Conclusion

We have addressed the problem of Ls-gain disturbance attenuation with stability by output feedback for
a family of uncertain nonlinear systems, which cannot be dealt with by existing methods. The main
contribution of the paper is a systematic construction of a linear dynamic output compensator in which
the design of the high-gain observer and controller must be coupled in a delicate manner and processed
simultaneously. This is substantially different from existing output feedback control schemes—most of
them are based on the separation principle.
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