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Abstract

In this paper we investigate some aspect of the partial realization problem formu-
lated for Schur-functions considered on the right half plane of C. This analysis can be
considered to be partially complementary to the results of A. Lindquist, C. Byrnes et
al. on Carathéodory functions, [2], [4], [3].

1 Preliminaries and notation

Let F' be a rational p x m matrix of McMillan degree N, whose entries lie in the Hardy
space of the right half-plane. We shall denote by €% the right half-plane, and by H% the
corresponding Hardy space of vector or matrix valued functions (the proper dimension will be
understood from the context). The space Hi is naturally endowed with the scalar product,

o0

< FG>— %Tr / Fliy)Gliy)* dy, (1.1)
and we shall denote by || || the associated norm. Note that if M is a complex matrix, Tr
stands for its trace, M7 for its transpose and M* for its transpose conjugate. Similarly,
we define HS® to be Hardy space of essentially bounded functions analytic on the right half
plane.

We assume that we are given a set of interpolation points sy, ..., s, in the right half-plane
C* and interpolating conditions

Uy U1
I vl (1.2)
u, -
with u;, v; row vectors in @, |ju;|| = 1 and ||v;]] < 1 for i = 1,...,n and we want to find the
solutions () to the problem
wQ(s:)" = v; 1=1,...,n (1.3)



which are Schur-functions.

It is well-known (see eg. [1]) that all solutions of this problem can be given using a rational
fractional representation defined by a J-inner function. This representation is even valid for
a more general form of the interpolation problem (1.3) which allows for multiplicities of the
interpolation nodes. This can be defined in the following way.

Problem 1.1. Given the matriz A of size n X n with eigenvalues in the left half plane T,
and matrices U,V of size n X p and a constant matrix D of size p X p parameterize all
Schur-functions Q) of McMillan-degree at most n satisfying
{ (Q(s)U* = V*) (s + A*) ™" is analytic on €7
Q(o0) =D

In this case the eigenvalues of —A* determine the interpolation nodes.

(1.4)

To avoid pathological cases, we assume that the functions Q(s)u; are non constant. Notice
that this assumption is always satisfied if for all i = 1,...,n we have u; D* # v;.

Among the solutions of the Problem 1.1 we would like to consider solutions with ”low
complexity”. In the scalar case — p = 1 — this can be formulated as solutions with McMillan
degree no greater than n. In the multivariate case the condition should be formulated in
terms of ”global zero structure”, as follows.

Problem 1.2. Given the matriz A of size n X n with eigenvalues in the left half plane T,
and matrices U,V of size n X p and a constant contractive matriz D of size p X p, such that

*

(D, I] [ _UV* } s of full row rank, parameterize all functions Q) for which

(i) @ is a Schur-function;

(ii)
{ (Q(8)U* = V*) (sI + A~ is analytic on C7

Qloo) = D .
(1514

determine a global right null pair of the function [Q(z), I].

(iii)

Together with the interpolation conditions formulated in Problem 1.2 we are going to
analyze solutions satisfying the following zero interpolation conditions

where t1,...,t, € C7, z1,...,2, € C°, ||z|| =1,i=1,...,n.
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The general form of this zero condition is the following:
(I —QQ")Qz and @z have no common poles, (1.8)

where ()7 is an inner function. In this case the poles of () determine the nodes of the zero
conditions.

The following lemma shows that without loss of generality we can assume that D = 0.
Lemma 1.1. Let Q be a Schur function, D = Q)(c0) assuming that DD* < I. Set
Qp = (I-DD)'*(1-QD")"(Q-D)(I-D'D)"?
Up = (U-VD)(I—-D*D)"?
Vp = (V—-UD")(I—-DD*)?

Then Qp is an Schur-function and Q is a solution of the interpolation problem (1.4) defined
by A, U, V and D if and only if Qp is a solution of (1.4) defined by A, Up, Vp and 0.

2 State-space realizations of the solutions

The J—inner function © generating all solutions of the interpolation Problem 1.1 without
constraints on McMillan-degree has the realization

A UV
0= —UP LT 0 (2.1)
Vv=p=t 10 I
where P satisfies
AP +PA +UU* - VV* =0 (2.2)

Then the Schur-function @ is a solution of the interpolation Problem 1.1 if and only if

Q = (5012 4 O2) (5611 + Oy)

©1 O )
0 = 2.3
( O Oa (23)
and S is a Schur-function with S(co0) = D.
Especially, if u; and v; are the rows of U and V' and

A = diag{—31, ..., —S.} ,

where

then the Schur function (@) is a solution to then Nevanlinna-Pick problem
Q(si)uj = v; .

Similarly, if we take A lower triangular and P diagonal, we obtain a Potapov factorization
of © and therefore a Schur problem.



A| B
Lemma 2.1. Let © be a J—inner function as in (2.1), and let S = (7’?) Then @

has realization:
A+ V(DU* — V”‘)P‘1 -VC|-U+VD
Q= —BU*P* A -B (2.4)
(DU* — V*yp-! -c| D

Proposition 2.1. If the pair (A, B) is controllable then the realization of the function @
defined in (2.4) is controllable, as well.

Proor. The identity
A+V(DU* - VP = —PAP '+ (VD -U)UP!
implies that the controllability subspace defined by the pair

A+ V(DU* = VPl —VC ~U+VD
—BU*P! A ] -B

coincide with that determined by

—PA*Pt —VC -U+VD
0 A ’ -B
To prove controllability the celebrated P-B-H test will be applied. The orthogonal com-

plement of the controllability subspace is invariant under the adjoint of the state-transition
matrix. Thus we can consider an eigenvector belonging to that subspace.

. .[U-vD]
| U] = 2.5)
. | —PAPTL —VC ] . o
| YT TN = e (26)
The equation (2.6) gives that
At = —a"PAP, (2.7)
AF* = —a"'VC+[*A.

If a # 0 then X should be an eigenvalues of —A*, i.e. A coincides with one of the interpolation
nodes. In particular, Re A > 0. Consequently, \ is not an eigenvalue of A, thus the matrix
Al — A is nonsingular implying that

B = —a*VC (M —A)~" . (2.9)
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Substituting this back to the equation in (2.5)

o [U-V(D+CN —A)"'B)]=0. (2.10)
Shortly,
o [U—-VS\)]=0 (2.11)
Observe that since A is in the right half plane the inequality
S(A)SN)*< T (2.12)
holds true.

Multiplying the Lyaponuv-equation (2.2) by a* and « from the left and right, respectively,
we get that
—2Re Aa"Pa+ "V [S(N)SAN)" = I V'a=0

If « is nonzero then the first term is strictly negative while the second term is nonpositive
leading to a contradiction.
If & = 0 then equations in (2.5) and (2.6) give that

6B = 0
G*A = A\3".
Now the controllability of the pair A, B implies that 8 = 0, concluding our proof. [ |

Proposition 2.2. If the realization of S is observable, then the unobservability subspace of
the realization (2.4) is determined by the range of the matriz [ g ], where a and (3 are

solutions of the equation
Aa = ol (2.13)

(S(S\U=VHYP la(sI-T)'=C(sI—A)7"'3. (2.14)

Especially, in this case the dimension of the unobservability subspace in the realization of ()
given by (2.4) is at most n.

Proor. Obviously the unobservability subspace of the realization given in (2.4) is deter-
mined by the pair

([(DU*—V*)P—H—C},{_B(ﬁpl ZD :

Assume that the column vectors of a matrix { @ ] determine a basis in the unobservability

g

subspace. Then

(DU* -V P la—-CB = 0 (2.15)

B [T Y
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for some matrix I'.
If a vector v is in the kernel space of «, i.e. ay = 0, then the equation in (2.16) implies
that

al'y = Aay =0,

thus I'y € Ker(«), so the kernel subspace of « is I' invariant. Especially, it contains an
eigenvector of I'. In other words there exists a vector -, for which the identities

ay = 0
Iy = py

for some p hold. Multiplying the equations (2.15) and (2.16) from the right by - we obtain
that

CBy = 0
APy = upy.

Thus the vector 7 is in the unobservability subspace determined by the pair (C, A). Using
the assumed observability of the realization S we get that 5y = 0. Consequently

3

. (07 . .
But the column vectors of the matrix [ } are linearly independent, thus v = 0.

The equation (2.16) gives that
Aa = al

_BU*P'a+ AB = AT |

thus
(sI — A" BU*Pla+ = (s —A) ' B(s[ -T).

Multiplying from the left by C' and using equation (2.15) we obtain that
(D+C(sI—A) "' BYUP la-V*Pla=C(sI—A) " B(sI-T).

In other words

(ST =V )P la(sI-T) ' =C(sI—A)'j3, (2.17)

proving (2.13) and (2.14). At the same time (2.13) implies the last part of the proposition.
|



Let us introduce the notations:

n = McMillan degree of © ,
ng = McMillan degree of S,
ng = McMillan degree of @),

d,,s = dimension of the unobservability subspace of the realization (2.4) .
Corollary 2.1. Assume that the realization of the function S is minimal. Then
ng =n-+ngs — d075 (2.18)

Moreover
nQ > ng .

Observe that the poles of the function on the right hand side of (2.14) are among the
eigenvalues of the matrix A, while the function standing on the left hand side has formally
poles at the eigenvalues of A and I". Thus the eigenvalues of this latter one should be
cancelled. This is again an interpolation type condition where the interpolation nodes are
defined by the eigenvalues of I' forming a subset of the eigenvalues of A. These interpolation
nodes are in the left half plane €. Note that in the special case when

ng<n

the number of the interpolation constraints formulated above on the function S should be
as large as its McMillan-degree ng.

Especially, if A = diag(—351,...,—35,) and ng = ng then these interpolation conditions
can be expressed as

S(=5))U*Pe; = V*P ey, i=1,...,n, (2.19)

where e; denotes the j-th unit vector.

3 The inverse transformation

Suppose now we invert the relation @ = Tg(S) and want to determine the degree. We have
the following:

Lemma 3.1. Let © be a J—inner function as in (2.1) and let

[ Ag| Bg
o (ol o
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Then S = T5'(Q) has the following non-minimal realization:

AQ —BQU*,Pi1 BQ
S=| VCo A+ (U-VD)UP'|VDo—-U | . (3.2)
Co (V* = DU P |  Dq

In the case when @ is a solution of the interpolation Problem (1.4) then the state space
of the realization (3.2) can be further reduced.

Proposition 3.1. Let Q) be a solution of the interpolation Problem (1.4) with realization

_ [ Ae| Baq
- ()

Assume that (Cg, Ag) is an observable pair. Then S = Tg'(Q) has the observable realization

Ag —YPWVCo | Bg —YP 1 (VDg - U
g_ [ Ae=YP VG | Bq—YP (VD —U) 7 (3.3)
Co | Do
where Y 1is defined by the equation
(Q(s)U* = V*) (sI + A) " = Cq (s — Ag) ™'Y . (3.4)

Proor. Since the function (Q(s)U* — V*) (sI + A*)"" is analytic on @7, it might have
poles only at the eigenvalues of Ag, and vanishes at oo, the observability of (Cg, Ag) implies
the existence of the matrix Y in (3.4).

Evaluating the identity

Q(s)U* = V* = DU* —=V* + Cq (sI — Ag) "' BoU* = Cq (sI — Ag) ™" B (sI + A")

at oo the equation

DU* —V* = CpY (3.5)

is obtained. Subtracting CpY from both sides we get that
Co (s — Ag) " BoU* = Cq (s — A)) (YA + AgY) .
Observability of (Cg, Ag) implies that
BoU* =Y A" + ApY . (3.6)

Let us apply the state transformation defined by the matrix

1o 7]
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for the realization (3.2). Using that

[Cq, (V" = DoU*) P~ { é g | = [Cq, 0]
{1 YH Bo 1 {BQ—YPWVD—U)]
0o P||VvD-U | P (VD —U)
Ag ~BoU*P! HI Y] {1 Y] {AQ—YPWOQ 0 ]
VCy A+ (U—-VD)U'P~ |0 P 0P PIVC, A

the following realization is obtained:

. < Ag —YP'VCq| By — YP (VDg — U) > | 57)

Co | Do

The realization (3.3) is obviously observable if (Cg, Ag) is an observable pair. This concludes
the proof of the proposition. [ |

Now let us analyze the controllability subspace of the realization defined in (3.3).

Proposition 3.2. Assume that the realization of Q given in (3.1) is minimal. If the func-
tions VQ(s) — U and sI — A have no common left zero-functions then the realization of S
in (3.3) is minimal.

Proor. Let us apply the P-H-B test. Assume that there exist a nonzero column vector
ag and € @ such that

ah (Bo—YP ' (VD-U)) = 0 (3.8)
g (AQ — YP_IVC'Q) = pag .

It is immediately obtained that oY # 0. Otherwise the equations af, Bg = 0, ajAg = pa’
would hold, contradicting to the controllability of (Ag, Bg).
Computing (3.8) U*—(3.9)Y we get that

af (BeUr =YP'VDU* + YP'UU* — AgY + YP'VCQY) = —pag)Y .
Using (3.5) and (3.6) we get that
ag (YA-YP WV +YPIUUY) = —papY .

Ie.
(aY P (ul — A) =0 (3.10)
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On the other hand equations in (3.8) and (3.9) can be arranged into the following form

_ Ag — pl B 0
b —anYP] | 79 9 = . 3.11
00 —aQY P | Ty, VDQ—U] [o] (3.1

Equations (3.10) and (3.11) indicate that the functions s/ —A and VQ(s)—U have a common
zero direction at s = p, contradicting to our assumption. Thus the realization of S given in
(3.3) is controllable, concluding the proof of the proposition. [ |

Introduce the notation
d. = dimension of the controllability subspace of the realization (3.3).
According to Proposition 3.1 the realization (3.3) is observable. Consequently
ng =deq -

Corollary 3.1. Assume that the realization (3.1) of the function @ is minimal, moreover
the matrices A and Ag have no common eigenvalues and

([T ]) o

ng =nqg .

forall s € @©. Then

4 Solutions of the interpolation problem with ”low com-
plexity”

Consider now the interpolation problem formulated in Problem 1.2.

only if it has the realization

Theorem 4.1. The Schur-function Q) is a solution of the interpolation Problem 1.2 if and
A"+ BU*
o-

B
. (4.1)
DU*—V* | D

Ao | B
Proor. Assume that Q) = (C—Q’TQ) According to the assumption the matrix
Q

o] 5,

matrix

. ] is of full row rank. Consequently, [D, I| can be extended into a nonsingular

il
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Set
- % 1]

Then using assumption (iii) in Problem 1.2 the pair ({

*

—V*
right-null pair of the function Q). of size 2p x 2p. On the other hand the global right-null

} ,—A*) determines a global

pair of (). is determined by

(o 3] [§ ] emmen 5 2] ]

Thus there exists an invertible transformation 7" such that

—1
D I Co U
T = 4.2
T I L B E
-1
D I Co B )
(AQ—[BQ,oﬂDl oG DT - T(A) . (4.3
giving that
AQT — BoU* = —TA*,
DU* —V* = CqT.
Thus
0= T(-A"+T'BoU*)T' | By \ [ —A*+T'BoU* | T~'By (4.4
N (pUs-vHTt | D ) DU -v: | D ’ '

which introducing the notation B = T~ Bg gives eqution (4.1). Straightforward calcuation
gives the converse statement. |

In this case the corresponding Schur-function S has the realization

BsU*P~' | B
o_ [ _A+Bs 7?1 5 ) (45)
(DU*—V*)P~| D

where

Bs=PB+U-VD.

Note that any function with realization defined in (4.1) provides a solution of the interpo-
lation problem (1.4) but the required stability of @) does not necessarily hold.

The following theorem shows that Theorem 4.1 can be formulated in a way which is similar
to the form given in the so-called Kimura-Georgiou parameterization of all solutions of the
Carathéodory interpolation problem with McMillan-degree no greater than the number of
the interpolation conditions. [8], [6].
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Theorem 4.2. Consider the interpolation Problem 1.1 and denote by = the inner function
determined by the interpolation nodes and directions, i.e.

E(s)=T—UR ' (sI— AU,
where R is the solution of the Ljapunov-equation
AR+ RA*+UU" =0.

Then the Schur-function @ s a solution of the interpolation Problem 1.2 if and only if it
can be written in the form

Q=G (F) ",
where G, F' are stable rational functions and ZF* is unstable, F(c0) = 1.
Proor. Assume that ) has the realization given in 4.1. Set
F*=I1-U"(sI+A) 'B.
Then =F* is a stable function and
QF* =D —-V*(sI +A) ' B,

which is an unstable function.
Conversely, if ZF* is a stable function, for which F(co0) = I then F** has the form

F*=1-U"(sI+A)'B
for some matrix B. Now if Q = G* (F*)™! is a solution then
G~ (D-V*(sI+A)"'B) = QF —(D-V*(sI+A")"' D)
= Q- (QU =V (sI+ A) 'B-D.

The first term should be an unstable function while the last term — using that @ is a
solution of the interpolation Problem 1.1 — is a stable, strictly proper function. Thus it must
be identically zero, proving that

G=D-V*(sI+ A "'B.
Consequently the function @ has a realization given in (4.1). n

Proposition 4.1. Let Q be as in (4.1), and suppose it has McMillan-degree n. Then Q is
stable if and only if
B="P, (U-W)

where W € Q"*P satisfies the generalized Pick condition, i.e. the Lyapunov equation
APw + Pw A*+UU* —WW* =0 (4.6)

has a unique positive definite solution.
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Proor. Assume that () with the realization given in (4.1) is a stable function. The
assumption concerning its McMillan-degree implies that this realization is minimal, i.e. there
exists a matrix Py > 0 for which the equation

(—A"+BU" )Py +Po(—A+UB")+BB" =0
holds. This can be arranged to
AP+ Pyl A"+ UU* — (U+Py'B) (U+Py'B)" =0.
Introducing the notations

Pw = Py
W = U+P,'B

the equation (4.6) is obtained.
Conversely assume that (4.6) holds. Straightforward calculation gives that

Pw (—A* = P (U = W)U*) Pt = A+ W (U = W*) Py}
(A+W (U =W P ) Pw +Pw (A+W (U = WP +U-W) U —W*) = 0.

Now the controllability of the pair
(A" + Py (U= W) W* Py (U = W)
implies the stability of (A+ W (U* — W*) Pyl). |

Theorem 4.3. Let Q) be as in (4.1), and suppose it has McMillan-degree n. Then @Q is a
Schur-function if and only if

B=-R" (U VD -V (- D*D)%)
where Ve @ and R € ™", R is positive definite and the equation

AR+ RA* + UU* —VV* —VV* =0 (4.7)
holds.

Proor. According to the positive real lemma the function @ is a Schur-function if and
only if the equation

R(Ag + BoD* (I — DD*)™' Co) + (Ag + BoD* (I — DD*)™' Co)" R
+C,(I—=DD*) ' Cq+ RBg(I—-D'D) 'ByR=0 (4.8)
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has a positive definite solution R. Expressing the matrices Ay and Cg using (4.1) straight-
forward calculation gives that

RA* + AR+ (UU* -~ VV*) —(RB+U —~VD)(I - D*D)""(B*R+U* - D*V*) =0
holds. Introducing the notation
V=(RB+U-VD)(I — D*D)"2

equation (4.7) is obtained. n

Based on this a parameterization of stable solutions to the interpolation problem can be
obtained using the results in [5], [7].

Finally note that the right null-pair corresponding to the zeros of the function I — QQ*
inside @ is given by the matrices

(—A* +B(I-D'D)*V*, V*—(I-DD*)'D(I— D'D)? f/*) .
Using the transformation allowed by Lemma 1.1 this has a particularly simple form:

(—A*+Bf/*, v*) .
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